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º¾½Á¿µºÂ »µºÆ¸¹ ¿¾ Âµ¾À¸¸
²µÀ¾ÏÂ½¾ÁÂµ¹

² ÔÐÝÝÞÜ ÚÞÝáßÕÚâÕ Ò ÚàÐâÚÞÙ äÞàÜÕ Ø×ÛÐÓÐÕâáï ÜÐâÕàØÐÛ ÛÕÚæØÙ ßÞ
âÕÞàØØ ÒÕàÞïâÝÞáâÕÙ, ßàÞçØâÐÝÝëå ÝÐ 2 ßÞâÞÚÕ 3 ÚãàáÐ ÄØ×ØçÕáÚÞÓÞ

äÐÚãÛìâÕâÐ ¼³Ã Ò 2005 ÓÞÔã. (ÀÐ×ÑØÕÝØÕ ÝÐ ÛÕÚæØØ ãáÛÞÒÝÞÕ). ¸×-×Ð
ÚàÐâÚÞáâØ Ø áåÕÜÐâØçÝÞáâØ Ø×ÛÞÖÕÝØï íâÞâ ÜÐâÕàØÐÛ ÝÕ

ßàÕâÕÝÔãÕâ ÝÐ ãçÕÑÝØÚ. ¸×ÛÞÖÕÝØÕ, ×Ð ØáÚÛîçÕÝØÕÜ ÝÕÚÞâÞàëå
ÒÞßàÞáÞÒ, áÞÞâÒÕâáâÒãÕâ ãçÕÑÝØÚã Î.¿.¿ëâìÕÒÐ Ø ¸.°.ÈØèÜÐàÕÒÐ

�ºãàá âÕÞàØØ ÒÕàÞïâÝÞáâÕÙ Ø ÜÐâÕÜÐâØçÕáÚÞÙ áâÐâØáâØÚØ ÔÛï
äØ×ØÚÞÒ�, ¼³Ã, 1983. °ÒâÞà ×ÐàÐÝÕÕ ßàØÝÞáØâ áÒÞØ Ø×ÒØÝÕÝØï ×Ð

ÒÞ×ÜÞÖÝëÕ ÞßÕçÐâÚØ.

ÂÕÞàØï ÒÕàÞïâÝÞáâÕÙ Õáâì ÜÐâÕÜÐâØçÕáÚØÙ ÐÝÐÛØ× ßÞÝïâØï áÛãçÐÙÝÞ- »ÕÚæ. 1
ÓÞ íÚáßÕàØÜÕÝâÐ. ÁÞÑëâØÕ Ø ÒÕàÞïâÝÞáâì ïÒÛïîâáï ÞáÝÞÒÝëÜØ ßÞÝïâØïÜØ
íâÞÙ âÕÞàØØ (ÐÚáØÞÜÐâØÚÐ ºÞÛÜÞÓÞàÞÒÐ, 1929, ÐÛìâÕàÝÐâØÒÝëÙ, íÜßØàØçÕáÚØ-
áâÐâØáâØçÕáÚØÙ ßÞÔåÞÔ � À.ÄØèÕà, À.¼Ø×Õá.)

¿àÕÔßÞÛÐÓÐÕâáï, çâÞ àÕ×ãÛìâÐâ ØÛØ ØáåÞÔ áÛãçÐÙÝÞÓÞ íÚáßÕàØÜÕÝâÐ ÝÕ ÜÞ-
ÖÕâ Ñëâì ÞßàÕÔÕÛÕÝ ×ÐàÐÝÕÕ. ¾ÔÝÐÚÞ áÐÜ íÚáßÕàØÜÕÝâ ÔÞÛÖÕÝ ÞÑÛÐÔÐâì áÒÞÙ-
áâÒÞÜ áâÐâØáâØçÕáÚÞÙ ãáâÞÙçØÒÞáâØ ØÛØ ãáâÞÙçØÒÞáâØ çÐáâÞâ (NA

N
).

¿ãáâì Ω = {ω} � ÜÝÞÖÕáâÒÞ ÒáÕå ØáåÞÔÞÒ Ø A Õáâì ÝÕÚÞâÞàÞÕ áÞÑëâØÕ,
áÒï×ÐÝÝÞÕ á íÚáßÕàØÜÕÝâÞÜ. µáâÕáâÒÕÝÝÞ áçØâÐâì, çâÞ ßÞ ØáåÞÔã íÚáßÕàØÜÕÝâÐ
ÜÞÖÝÞ áÚÐ×Ðâì, ÞáãéÕáâÒØÛÞáì áÞÑëâØÕ A ØÛØ ÝÕâ. ´Ûï ÝÐèØå ÔÐÛìÝÕÙèØå æÕ-
ÛÕÙ áÞÑëâØÕ A ÜÞÖÝÞ ÞâÞÖÔÕáâÒØâì á ÝÕÚÞâÞàÞÙ áÞÒÞÚãßÝÞáâìî ØáåÞÔÞÒ, âÞ Õáâì
áçØâÐâì, çâÞ A Õáâì ßÞÔÜÝÞÖÕáâÒÞ íÛÕÜÕÝâÞÒ Ø× Ω. ÁÐÜØ íÛÕÜÕÝâë ω Üë ÑãÔÕÜ
ÝÐ×ëÒÐâì íÛÕÜÕÝâÐàÝëÜØ áÞÑëâØïÜØ (ßàÕÔßÞÛÐÓÐÕâáï, çâÞ Øå ÝÕÛì×ï �àÐ×ÑØâì�
ÝÐ ÑÞÛÕÕ ÜÕÛÚØÕ).

²ÕàÞïâÝÞáâì � çØáÛÞÒÐï åÐàÐÚâÕàØáâØÚÐ ÚÛÐááÐ áÞÑëâØÙ. ¾ÝÐ ØÜÕÕâ áÒÞÙ-
áâÒÐ, ÐÝÐÛÞÓØçÝëÕ ÞâÝÞáØâÕÛìÝÞÙ çÐáâÞâÕ áÞÑëâØï (NA

N
)1, ÝÞ ÝÕ áÒÞÔØâáï Ú ÝÕÙ

(ÝÕ àÐÒÝÐ ÕÙ).
¿àØÜÕàë.
1. ±àÞáÐÝØÕ ØÓàÐÛìÝÞÙ ÚÞáâØ � ÞÔÝÞàÞÔÝÞÓÞ ÚãÑÐ. ²ëßÐÔÕÝØÕ ÓàÐÝÕÙ ω1,

ω2,..., ω6 � íÛÕÜÕÝâÐàÝëÕ áÞÑëâØï. ²ÕàÞïâÝÞáâì P (ωi) = 1
6
, i = 1, . . . , 6.

A1 = {ω1, ω2 ω3}, A2 = {ω4, ω5}, A3 = {ω6} � áÞÑëâØï, ÒÕàÞïâÝÞáâØ ÚÞâÞàëå
ÛÕÓÚÞ ßÞÔáçØâÐâì: P (A1) = 1

2
, P (A2) = 1

3
, P (A3) = 1

6
.

2. ³ÕÞÜÕâàØçÕáÚØÕ ÒÕàÞïâÝÞáâØ. ²ÕàÞïâÝÞáâì âÞÓÞ, çâÞ âÞçÚÐ, ÝÐãÔÐçã ÑàÞ-
èÕÝÝÐï ÝÐ ÞâàÕ×ÞÚ [a, b] ßÞßÐÔÕâ Ò ÞâàÕ×ÞÚ [α, β], a 6 α 6 β 6 b, a < b, àÐÒÝÐ
β−α
b−a

=
∫ β

α
1

b−a
dx =

∫ β

α
p(x)dx, ÓÔÕ p(x) = 1

b−a
.

²ÕàÞïâÝÞáâì âÞÓÞ, çâÞ âÞçÚÐ, ÝÐãÔÐçã ÑàÞèÕÝÝÐï Ò ÚÒÐÔàÐâ Q àÐ×ÜÕàÞÜ l× l,
ßÞßÐÔÕâ Ò ×ÐÔÐÝÝãî ÞÑÛÐáâì A á ßÛÞéÐÔìî SA àÐÒÝÐ SA

l2
, Ò çÐáâÝÞáâØ, ÕáÛØ ÞÑ-

ÛÐáâì A ÞßàÕÔÕÛïÕâáï ãáÛÞÒØÕÜ |ξ − η| < λ, ÓÔÕ ξ Ø η � ÚÞÞàÔØÝÐâë âÞçÚØ, âÞ
P (A) = l2−(l−λ)2

l2
=

∫
A

1
l2

dxdy =
∫
A∗

p(u, v)dudv.

1¾âÝÞèÕÝØÕ çØáÛÐ ØáåÞÔÞÒ, ßàØÒÕÔèØå Ú áÞÑëâØî A Ú çØáÛã ÞßëâÞÒ N , ßÞáçØâÐÝÝÞÕ ßÞáÛÕ
ßàÞÒÕÔÕÝØï íÚáßÕàØÜÕÝâÐ.
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·ÔÕáì (x, y) → (u, v) � ÝÕÒëàÞÖÔÕÝÝÞÕ ßàÕÞÑàÐ×ÞÒÐÝØÕ, p(u, v) � ßÛÞâ-
ÝÞáâì ÒÕàÞïâÝÞáâØ.
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² íâØå ßàØÜÕàÐå íÛÕÜÕÝâÐàÝëÕ áÞÑëâØï ω � âÞçÚØ, ÜÝÞÖÕáâÒÞ Ω � ÛØÑÞ
ÞâàÕ×ÞÚ, ÛØÑÞ ÚÒÐÔàÐâ (ÞÑàÐ× ÚÒÐÔàÐâÐ).

°ÛÓÕÑàÐ áÞÑëâØÙ. 2

ÀÐááÜÞâàØÜ ÞâÝÞèÕÝØï ÜÕÖÔã áÞÑëâØïÜØ, ÞßÕàÐæØØ ÝÐÔ áÞÑëâØïÜØ Ø ÝÕÚÞ-
âÞàëÕ áßÕæØÐÛìÝëÕ áÞÑëâØï3.

1. B ⊂ A � B ÒÛÕçÕâ A (B � ßÞÔÜÝÞÖÕáâÒÞ A).
2. A = B, ÕáÛØ B ⊂ A Ø A ⊂ B.
3. A � ßàÞâØÒÞßÞÛÞÖÝÞÕ áÞÑëâØÕ (A ÝÕ ßàÞØáåÞÔØâ).
4. ∅ � ÝÕÒÞ×ÜÞÖÝÞÕ Ø Ω � ÔÞáâÞÒÕàÝÞÕ áÞÑëâØï,
∅ = Ω.
5. A ∩ B � ßàÞØ×ÒÕÔÕÝØÕ (ßÕàÕáÕçÕÝØÕ ÜÝÞÖÕáâÒ) �
áÞÑëâØï ßàÞØáåÞÔïâ ÞÔÝÞÒàÕÜÕÝÝÞ.
6. A∩B = ∅ áÞÑëâØï ÝÕáÞÒÜÕáâÝë (ÝÕ ÜÞÓãâ ßàÞØ×ÞÙ-
âØ ÞÔÝÞÒàÕÜÕÝÝÞ). ½ÐßàØÜÕà, A ∩ A = ∅.
7. A∪B ÞÑêÕÔØÝÕÝØÕ: ßàÞØáåÞÔØâ ÛØÑÞ A, ÛØÑÞ B (ÛØ-
ÑÞ ÞÑÐ). µáÛØ ÞÝØ ÝÕáÞÒÜÕáâÝë, âÞ ãáÛÞÒØÜáï ßØáÐâì
A + B (ÒÜÕáâÞ

n⋃
i=1

ßØáÐâì
n∑

i=1

).
8. A\B = {ω ∈ Ω : ω ∈ A, ω /∈ B}� ÒëçØâÐÝØÕ.
9. A4B = (A\B) ∪ (B\A) � áØÜÜÕâàØçÕáÚÐï àÐ×-
ÝÞáâì.

½ÕÚÞâÞàëÕ áÒÞÙáâÒÐ ÞßÕàÐæØÙ ÝÐÔ áÞÑëâØïÜØ.
Ð) A = A, A = Ω\A, A\B = A ∩B = B\A.
Ñ) A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C), A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C) �

Ò×ÐØÜÝÐï ÔØáâàØÑãâØÒÝÞáâì.

2°ÛÓÕÑàÐ ÜÝÞÖÕáâÒ � íâÞ ÚÞÛìæÞ ÜÝÞÖÕáâÒ á ÕÔØÝØæÕÙ. ºÞÛìæÞ ÜÝÞÖÕáâÒ � íâÞ ÚÛÐáá ÜÝÞ-
ÖÕáâÒ, ×ÐÜÚÝãâëÙ ÞâÝÞáØâÕÛìÝÞ ÞßÕàÐæØÙ A ∪B (ÞÑêÕÔØÝÕÝØÕ) Ø A\B (ÒëçØâÐÝØÕ).

3¸å ãÔÞÑÝÞ ØÛÛîáâàØàÞÒÐâì á ßÞÜÞéìî ÔØÐÓàÐÜÜ ÍÙÛÕàÐ-²ÕÝÝÐ.
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Ò) A ∪B = A∩B, A ∩B = A∪B � ßàØÝæØß ÔÒÞÙáâÒÕÝÝÞáâØ, ÒÕàÕÝ âÐÚÖÕ
ÔÛï ÛîÑÞÓÞ çØáÛÐ íÛÕÜÕÝâÞÒ4.

Ó) A ⊂ B ⇐⇒ B ⊂ A.
°ÛÓÕÑàÞÙ áÞÑëâØÙ ÝÐ×ëÒÐÕâáï ÚÛÐáá F áÞÑëâØÙ (áØáâÕÜÐ ÜÝÞÖÕáâÒ), ×Ð-

ÜÚÝãâëÙ ÞâÝÞáØâÕÛìÝÞ ÞßÕàÐæØÙ A ∪B Ø A, âÞ Õáâì
1) Ø× A,B ∈ F áÛÕÔãÕâ A ∪B ∈ F,
2) Ø× A ∈ F áÛÕÔãÕâ A ∈ F.
¿àØÜÕà ÚÞÝÕçÝÞÜÕàÝÞÓÞ ÜÝÞÖÕáâÒÐ Ω. ¿ãáâì Ω áÞáâÞØâ Ø× n ÝÕáÞÒÜÕáâÝëå

áÞÑëâØÙ (ÝÕ áçØâÐï ∅ Ø Ω). ÂÞÓÔÐ F � ÜÝÞÖÕáâÒÞ ÒáÕå ßÞÔÜÝÞÖÕáâÒ, áçØâÐï ∅
Ø Ω Ø ÒáÕÓÞ Øå 2n.

ºÛÐááØçÕáÚÐï ÒÕàÞïâÝÞáâì.
¿ãáâì ÔÐÝÐ ßÞÛÝÐï ÓàãßßÐ {Ai}, i = 1, 2, ..., n ßÞßÐàÝÞ ÝÕáÞÒÜÕáâÝëå

àÐÒÝÞÒÕàÞïâÝëå áÞÑëâØÙ. ¸ ßãáâì ÝÕÚÞâÞàÞÕ áÞÑëâØÕ A ØÜÕÕâ àÐ×ÛÞÖÕÝØÕ
A = Ai1 + ... + Aik . ² íâÞÜ áÛãçÐÕ (ßÞ ÞßàÕÔÕÛÕÝØî) P (A) = k

n
(´ÞÚÐÖØâÕ

ÚÞààÕÚâÝÞáâì ÞßàÕÔÕÛÕÝØï).
¸ÝÐçÕ: ÚÛÐááØçÕáÚÐï ÒÕàÞïâÝÞáâì àÐÒÝÐ ÞâÝÞèÕÝØî çØáÛÐ ÑÛÐÓÞßàØïâÝëå

(ÔÛï ÔÐÝÝÞÓÞ áÞÑëâØï) ØáåÞÔÞÒ Ú çØáÛã ÒáÕå ÒÞ×ÜÞÖÝëå ØáåÞÔÞÒ íÚáßÕàØÜÕÝ-
âÐ. (ÀÕçì ØÔÕâ ÞÑ ÞßàÕÔÕÛÕÝØØ çØáÛÐ ØáåÞÔÞÒ ÔÞ íÚáßÕàØÜÕÝâÐ).

ÁÒÞÙáâÒÐ ÚÛÐááØçÕáÚÞÙ ÒÕàÞïâÝÞáâØ.
1. 0 6 P (A) 6 1.
2. P (Ω) = 1, P (∅) = 0.
3. P (A + B) = P (A) + P (B). (ÁÜ. ßÐàÐÔÞÚá À.¼Ø×ÕáÐ Þ âÕÝÝØáØáâÕ!5)
4. P (A) = 1− P (A).
5. A ⊂ B, P (A) 6 P (B), P (B\A) = P (B)− P (A). ÁÛÕÔãÕâ Ø× ß. 3, ÕáÛØ

ãçÕáâì B = A + B\A.
6. P (A1∪A2) = P (A1)+P (A2)−P (A1∩A2), A1∪A2 = A1 +A2\(A1∩A2).
´ÞÚÐ×Ðâì áÐÜØÜ äÞàÜãÛã ÔÛï n áÛÐÓÐÕÜëå:

P (A1 ∪ ... ∪ An) =
n∑

i=1

P (Ai)−
n∑

i<j

P (Ai ∩ Aj) + ... + (−1)n−1P (A1 ∩ ... ∩ An).

ºÛÐááØçÕáÚÐï ÒÕàÞïâÝÞáâì ßàØÜÕÝïÕâáï Ò ÞáÝÞÒÝÞÜ Ò ÚÞÜÑØÝÐâÞàÝëå ×ÐÔÐ-
çÐå, ÓÔÕ ßÞÔáçØâëÒÐÕâáï çØáÛÞ áßÞáÞÑÞÒ ÒëÑÞàÐ (àÐ×ÜÕéÕÝØï) m ÞÑêÕÚâÞÒ Ø×
n á ØÛØ ÑÕ× ãçÕâÐ ßÞàïÔÚÐ (àÐ×ÛØçØÜëå ØÛØ ÝÕàÐ×ÛØçØÜëå) Ø á ÒÞ×ÒàÐéÕÝØÕÜ
(ßÞÒâÞàÕÝØÕÜ) ØÛØ ÑÕ×.

¿àØÜÕàë.
Ð. �²ëÑÞàÚÐ á ÒÞ×ÒàÐéÕÝØÕÜ, ãßÞàïÔÞçÕÝÝÐï ÒëÑÞàÚÐ�. ½ÐÙâØ ÒÕàÞïâÝÞáâì

âÞÓÞ, çâÞ åÞâï Ñë ã ÞÔÝÞÙ ßÐàë Ò ÓàãßßÕ Ø× n çÕÛÞÒÕÚ áÞÒßÐÔÐîâ ÔÝØ àÞÖÔÕÝØï.
¾âÒÕâ: P (A) = 1− r(r−1)...(r−n+1)

rn . µáÛØ áçØâÐâì r = 365, âÞ6

n 5 30 40 50 60
P 0.027 0.706 0.891 0.879 0.994

4ÄÞàÜãÛë ÔÕ ¼ÞàÓÐÝÐ.
5²ÕàÞïâÝÞáâì ÒëØÓàëèÐ âÕÝÝØáØáâÐ Ò »ÞÝÔÞÝÕ 0.6, Ò ¼ÞáÚÒÕ 0.8, ßàØçÕÜ íâØ áÞÑëâØï ÝÕáÞÒ-

ÜÕáâÝë. ½Ð áÐÜÞÜ ÔÕÛÕ íâØ ÒÕàÞïâÝÞáâØ ÝÕÛì×ï áÚÛÐÔëÒÐâì, â.Ú. áÞÑëâØï ÞâÝÞáïâáï Ú àÐ×ÝëÜ
ÒÕàÞïâÝÞáâÝëÜ ßàÞáâàÐÝáâÒÐÜ.

6² çØáÛØâÕÛÕ çØáÛÞ An
r = r!

(r−n)! àÐ×ÜÕéÕÝØÙ n ÔÝÕÙ àÞÖÔÕÝØï ßÞ r ÔÝïÜ ÓÞÔÐ.
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Ñ. �²ëÑÞàÚÐ ÑÕ× ÒÞ×ÒàÐéÕÝØï, ÝÕãßÞàïÔÞçÕÝÝÐï ÒëÑÞàÚÐ�. ¸ÜÕÕâáï n ÞÑê-
ÕÚâÞÒ, áàÕÔØ ÝØå k ÞâÜÕçÕÝÝëå. ²ëÑØàÐÕâáï (ÑÕ× ÒÞ×ÒàÐéÕÝØï) n1 ÞÑêÕÚâÞÒ.
½ÐÙâØ ÒÕàÞïâÝÞáâì âÞÓÞ, çâÞ áàÕÔØ ÝØå k1 ÞâÜÕçÕÝÝëå.

P (A) =
Ck1

k Cn1−k1
n−k

Cn1
n

.

ÍâÞ � ÓØßÕàÓÕÞÜÕâàØçÕáÚÞÕ àÐáßàÕÔÕÛÕÝØÕ.
Ò. µéÕ âàØ ßàØÜÕàÐ (Ø× äØ×ØÚØ). ÀÐáßàÕÔÕÛÕÝØÕ r çÐáâØæ ßÞ n ïçÕÙÚÐÜ.
ÁâÐâØáâØÚÐ ¼ÐÚáÒÕÛÛÐ-±ÞÛìæÜÐÝÐ � ÒáÕ çÐáâØæë àÐ×ÝëÕ, ×ÐßàÕâÞÒ ÝØÚÐ-

ÚØå ÝÕâ. ÇØáÛÞ áÞáâÞïÝØÙ nr, ÒÕàÞïâÝÞáâì ÚÐÖÔÞÓÞ áÞáâÞïÝØï p = n−r.
ÁâÐâØáâØÚÐ ±Þ×Õ-ÍÙÝèâÕÙÝÐ � çÐáâØæë âÞÖÔÕáâÒÕÝÝë (ÝÕàÐ×ÛØçØÜë), Ò

ÚÐÖÔÞÙ ïçÕÙÚÕ ÜÞÖÕâ Ñëâì áÚÞÛìÚÞ ãÓÞÔÝÞ çÐáâØæ. ÇØáÛÞ áÞáâÞïÝØÙ Cr
n+r−1, ÒÕ-

àÞïâÝÞáâì ÚÐÖÔÞÓÞ p = 1
Cr

n+r−1
.

ÁâÐâØáâØÚÐ ÄÕàÜØ-´ØàÐÚÐ � ÔÞßÞÛÝØâÕÛìÝÞ Ú ßàÕÔëÔãéÕÜã ÔÕÙáâÒãÕâ
ßàØÝæØß ×ÐßàÕâÐ: Ò ÚÐÖÔÞÙ ïçÕÙÚÕ ÜÞÖÕâ Ñëâì âÞÛìÚÞ ÞÔÝÐ çÐáâØæÐ. ÇØáÛÞ áÞ-
áâÞïÝØÙ Cr

n, ÒÕàÞïâÝÞáâì p = 1
Cr

n
.

°ÚáØÞÜë âÕÞàØØ ÒÕàÞïâÝÞáâÕÙ.»ÕÚæ. 2
¿ãáâì Ω � ßàÞáâàÐÝáâÒÞ íÛÕÜÕÝâÐàÝëå áÞÑëâØÙ, F � ÐÛÓÕÑàÐ áÞÑëâØÙ

(ßÞÔÜÝÞÖÕáâÒ Ω). ÁÛÕÔãîéØÕ ãáÛÞÒØï ïÒÛïîâáï ÐÚáØÞÜÐÜØ âÕÞàØØ ÒÕàÞïâÝÞ-
áâÕÙ:

1. F ïÒÛïÕâáï σ-ÐÛÓÕÑàÞÙ, â.Õ. ÐÛÓÕÑàÞÙ, ×ÐÜÚÝãâÞÙ ÞâÝÞáØâÕÛìÝÞ ÞßÕàÐæØØ
áçÕâÝÞÓÞ ÞÑêÕÔØÝÕÝØï áÞÑëâØÙ, An ∈ F, n = 1, 2, ..., ⇒

∞⋃
n=1

An ∈ F. ¿àØÜÕà
ÐÛÓÕÑàë, ÝÕ ïÒÛïîéÕÙáï σ-ÐÛÓÕÑàÞÙ: ßÞÛãØÝâÕàÒÐÛë (a, b], 0 < a < b 6 1 Ø Øå
ÚÞÝÕçÝëÕ áØáâÕÜë ÝÐ (0, 1].

2. ½Ð σ-ÐÛÓÕÑàÕ F ÞßàÕÔÕÛÕÝÐ äãÝÚæØï P (·), ßàØÝØÜÐîéÐï çØáÛÞÒëÕ ×ÝÐçÕ-
ÝØï, P (A) > 0, A ∈ F, ÝÐ×ëÒÐÕÜÐï ÒÕàÞïâÝÞáâìî.

3. P (A + B) = P (A) + P (B) � ÐÚáØÞÜÐ áÛÞÖÕÝØï (ÒÕàÝÐï âÐÚÖÕ Ò áÛãçÐÕ
ÚÞÝÕçÝÞÓÞ àÐ×ÛÞÖÕÝØï, P (

n∑
i=1

Ai) =
n∑

i=1

P (Ai)).

4. P (
∞∑
i=1

Ai) =
∞∑
i=1

P (Ai) � σ-ÐÔÔØâØÒÝÞáâì.
5. P (Ω) = 1.
ÂàÞÙÚÐ (Ω,F, P (·)) ÝÐ×ëÒÐÕâáï ÒÕàÞïâÝÞáâÝëÜ ßàÞáâàÐÝáâÒÞÜ (ÒÕàÞïâÝÞáâ-

ÝÞÙ ÜÞÔÕÛìî).
°ÚáØÞÜë 1 � 5 ÝÕßàÞâØÒÞàÕçØÒë, ßÞáÚÞÛìÚã áãéÕáâÒãÕâ ßàØÜÕà � ÚÛÐááØ-

çÕáÚÐï ÒÕàÞïâÝÞáâì, ÝÞ ÝÕ ßÞÛÝë, ßÞáÚÞÛìÚã ÝÕ ×ÐÔÐÝÐ ïÒÝÞ ÒÕàÞïâÝÞáâì P (·).
·ÐÔÐÝØÕ ÒÕàÞïâÝÞáâØ ÝÐ σ-ÐÛÓÕÑàÕ F íÛÕÜÕÝâÐàÝÞ ÛØèì ÔÛï ßàÞáâÕÙèØå

áÛãçÐÕÒ, ÝÐßàØÜÕà, Ò áÛãçÐÕ, ÚÞÓÔÐ Ω ÚÞÝÕçÝÞ ØÛØ áçÕâÝÞ. ÍâÞâ áÛãçÐÙ Üë àÐá-
áÜÞâàØÜ çãâì ßÞ×ÖÕ.

¿àØÜÕàÐÜØ σ-ÐÛÓÕÑà ïÒÛïîâáï F∗ = {∅, Ω} Ø F∗ � ÜÝÞÖÕáâÒÞ ÒáÕå ßÞÔÜÝÞ-
ÖÕáâÒ Ω. ¿ÕàÒÐï Ø× ÝØå âàØÒØÐÛìÝÐ, Ð ÒâÞàÐï � áÛØèÚÞÜ ÞÑèØàÝÐ, çâÞÑë ÝÐ ÝÕÙ
ÜÞÖÝÞ ÝÕßàÞâØÒÞàÕçØÒÞ ×ÐÔÐâì ÒÕàÞïâÝÞáâì. ½Ð ÚÐÚØå ÖÕ σ-ÐÛÓÕÑàÐå ÜÞÖÝÞ
×ÐÔÐâì ÒÕàÞïâÝÞáâì Ø ÚÐÚ íâÞ áÔÕÛÐâì? ÀÕèÕÝØÕ íâÞÓÞ ÒÞßàÞáÐ ÛÕÖØâ ÝÐ áÛÕÔãî-
éÕÜ ßãâØ. ¿ãáâì A � ßàÞØ×ÒÞÛìÝÐï áØáâÕÜÐ ÜÝÞÖÕáâÒ Ai,

⋃
Ai = Ω ∈ A. ÏáÝÞ,

çâÞ ÛîÑëÕ σ-ÐÛÓÕÑàë F1 Ø F2, ÔÛï ÚÞâÞàëå A ⊂ F1, F2, ãÔÞÒÛÕâÒÞàïîâ ãáÛÞÒØî
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F∗ ⊂ F1,F2 ⊂ F∗ , ßàØçÕÜ F1 ∩ F2 � âÞÖÕ σ-ÐÛÓÕÑàÐ. ¿ãáâì FA =
⋂

α:A⊂Fα

Fα,

âÞÓÔÐ FA � ÜØÝØÜÐÛìÝÐï σ-ÐÛÓÕÑàÐ, áÞÔÕàÖÐéÐï A.
µáÛØ, ÝÐßàØÜÕà, Ò ÚÐçÕáâÒÕ A Ò×ïâì áØáâÕÜã ØÝâÕàÒÐÛÞÒ ÝÐ ßàïÜÞÙ, âÞ ÜØ-

ÝØÜÐÛìÝÐï σ-ÐÛÓÕÑàÐ, áÞÔÕàÖÐéÐï A, ÔÐáâ σ-ÐÛÓÕÑàã ÑÞàÕÛÕÒáÚØå ÜÝÞÖÕáâÒ
ÝÐ ßàïÜÞÙ. ¾ÚÐ×ëÒÐÕâáï, çâÞ Ú íâÞÙ ÖÕ σ-ÐÛÓÕÑàÕ ßàØÒÞÔØâ áØáâÕÜÐ ÞâÚàëâëå
ÜÝÞÖÕáâÒ ßàïÜÞÙ ØÛØ ×ÐÜÚÝãâëå ÜÝÞÖÕáâÒ ßàïÜÞÙ Ø â.Ô. ÁÐÜ ßàÞæÕáá ßÞáâàÞ-
ÕÝØï σ-ÐÛÓÕÑàë ÝÐ×ëÒÐÕâáï ÑÞàÕÛÕÒáÚØÜ ×ÐÜëÚÐÝØÕÜ ÚÛÐááÐ A. ´ÐÛìÝÕÙèÐï
ØÔÕï ×ÐÚÛîçÐÕâáï Ò âÞÜ, çâÞÑë ×ÐÔÐâì ÒÕàÞïâÝÞáâì ÝÐ ÑÞÛÕÕ ßàÞáâÞÜ ÚÛÐááÕ
ÜÝÞÖÕáâÒ A (ÝÐßàØÜÕà, ÝÐ ßÞÛãÐÛÓÕÑàÕ)7, Ð ×ÐâÕÜ ÒÞáßÞÛì×ÞÒÐâìáï âÕÞàÕÜÞÙ Þ
ÕÔØÝáâÒÕÝÝÞÜ ßàÞÔÞÛÖÕÝØØ ÜÕàë ÝÐ ÜØÝØÜÐÛìÝãî σ-ÐÛÓÕÑàã, áÞÔÕàÖÐéãî A.
(¼ÕàÐ � äãÝÚæØï ÜÝÞÖÕáâÒÐ � ÞÑÞÑéÕÝØÕ ßÞÝïâØï ÔÛØÝë; ÒÕàÞïâÝÞáâì � ÜÕ-
àÐ, ÝÞàÜØàÞÒÐÝÝÐï ÝÐ ÕÔØÝØæã).

´ØáÚàÕâÝÞÕ ÒÕàÞïâÝÞáâÝÞÕ ßàÞáâàÐÝáâÒÞ. Ω = {ωi}� ÚÞÝÕçÝÞ ØÛØ áçÕâ-
ÝÞ, F � ÜÝÞÖÕáâÒÞ ÒáÕå ßÞÔÜÝÞÖÕáâÒ Ω, P (·) ÔÞáâÐâÞçÝÞ ÞßàÕÔÕÛØâì ÔÛï ÚÐÖ-
ÔÞÓÞ íÛÕÜÕÝâÐàÝÞÓÞ áÞÑëâØï P ({ωi}) = pi, ÛØèì Ñë

∞∑
i=1

pi = 1.

ÂÞÓÔÐ ÒÕàÞïâÝÞáâì ÔÛï ÛîÑÞÓÞ áÞÑëâØï A ∈ F àÐÒÝÐ P (A) =
∑

ωi∈A

pi.

ºÞààÕÚâÝÞáâì áÛÕÔãÕâ Ø× »ÕÜÜë Þ áãÜÜØàÞÒÐÝØØ ßÞ ÑÛÞÚÐÜ:
¿ãáâì àïÔ

∑
i=1

ci = S áåÞÔØâáï ÐÑáÞÛîâÝÞ Ø ßãáâì I = I1 + I2 + ... � àÐ×ÑØ-

ÕÝØÕ ÜÝÞÖÕáâÒÐ ÝÐâãàÐÛìÝëå çØáÕÛ I . ¾ÑÞ×ÝÐçØÜ Sk =
∑
i∈Ik

ci. ÂÞÓÔÐ àïÔ
∞∑

k=1

Sk

áåÞÔØâáï ÐÑáÞÛîâÝÞ Ø àÐÒÕÝ S.
´ÞÚÐ×ÐâÕÛìáâÒÞ. °ÑáÞÛîâÝÐï áåÞÔØÜÞáâì áÛÕÔãÕâ Ø×

n∑
k=1

|Sk| 6
n∑

k=1

∑
i∈Ik

|ci|

¸ÜÕÕÜ ∀ε > 0 ∃N1 = N1(ε), çâÞ ßàØ n > N1: |
n∑

i=1

ci − S| < ε/2 Ø
∞∑

i=n+1

|ci| < ε/2.

´ÐÛÕÕ ÒëÑÕàÕÜ N2 áâÞÛì ÑÞÛìèØÜ, çâÞÑë Ò áãÜÜã
N2∑
k=1

Sk =
N2∑
k=1

∑
i∈Ik

ci ÒåÞÔØÛØ

ÒáÕ çØáÛÐ ci á ÝÞÜÕàÐÜØ i 6 N1 Ø ßÞÛÞÖØÜ N0 = max(N1, N2).
ÂÞÓÔÐ ßàØ n > N0 ßÞÛãçÐÕÜ

|
n∑

k=1

Sk−S| 6 |
n∑

i=1

ci−S|+|
n∑

k=1

Sk−
n∑

i=1

ci| 6 |
n∑

i=1

ci−S|+|
n∑

i=K1+1

|ci| 6 ε/2+ε/2 = ε.

¾ÑàÐâÝÞÕ, ÒÞÞÑéÕ ÓÞÒÞàï, ÝÕÒÕàÝÞ, ÝÞ ÕáÛØ ci > 0, âÞ ÒÕàÝÞ Ø ÞÑàÐâÝÞÕ
ãâÒÕàÖÔÕÝØÕ.

¿àØÜÕà. ±àÞáÐÝØÕ ÜÞÝÕâë ÔÞ ßÕàÒÞÓÞ ÒëßÐÔÕÝØï ÓÕàÑÐ (ÓÕàÑ � ÕÔØÝØæÐ,
ÐÒÕàá � ÝÞÛì). ÍÛÕÜÕÝâÐàÝëÕ áÞÑëâØï ω1 = {1}, ω2 = {01}, ..., ω∞ = {00 . . . }.

7¿ÞÛãÐÛÓÕÑàÐ � ßÞÛãÚÞÛìæÞ á ÕÔØÝØæÕÙ; ßÞÛãÚÞÛìæÞ � ÝÕßãáâÞÕ ÜÝÞÖÕáâÒÞ, ×ÐÜÚÝã-
âÞÕ ÞâÝÞáØâÕÛìÝÞ ßÕàÕáÕçÕÝØï, Ø Ò ÚÞâÞàÞÜ ÚÐÖÔÐï àÐ×ÝÞáâì ÔÞßãáÚÐÕâ ÚÞÝÕçÝÞÕ àÐ×ÛÞÖÕÝØÕ
A\B =

n∑
j=1

Aj .
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²ÕàÞïâÝÞáâØ: P (ω1) = p1 = 1
2
, P (ω2) = p2 = 1

4
, ..., P (ω∞) = p∞ = 0,

∞∑
i=1

pi =
∞∑
i=1

1
2i = 1. ÁÞÑëâØÕ ω∞ ÒÞ×ÜÞÖÝÞÕ, ÝÞ ÝÕÒÕàÞïâÝÞÕ!

°ÚáØÞÜÐâØçÕáÚØ ÞßàÕÔÕÛÕÝÝÐï ÒÕàÞïâÝÞáâì ÞÑÛÐÔÐÕâ ÒáÕÜØ áÒÞÙáâÒÐÜØ, ÚÞ-
âÞàëÕ Üë ÞâÜÕâØÛØ ÔÛï ÚÛÐááØçÕáÚÞÙ ÒÕàÞïâÝÞáâØ, ßÞáÚÞÛìÚã ßÕàÒëÕ âàØ äÐÚ-
âØçÕáÚØ ßÞÒâÞàïîâ ÐÚáØÞÜë, Ð ÞáâÐÛìÝëÕ ÒëÒÞÔïâáï Ø× ÝØå.

1. 0 6 P (A) 6 1.
2. P (Ω) = 1, P (∅) = 0.
3. P (A + B) = P (A) + P (B).
4. P (A) = 1− P (A).
5. A ⊂ B ⇒ P (A) 6 P (B), P (B\A) = P (A)− P (B).
6. P (A1∪A2) = P (A1)+P (A2)−P (A1∩A2), â.Ú. A1∪A2 = A1+(A2\(A1∩A2)).
¾ÔÝÐÚÞ, Õáâì ÕéÕ ÞÔÝÞ áÒÞÙáâÒÞ, ÚÞâÞàÞÕ ÒëâÕÚÐÕâ Ø× σ-ÐÔÔØâØÒÝÞáâØ Ø ÝÐ-

×ëÒÐÕâáï ÝÕßàÕàëÒÝÞáâìî ÒÕàÞïâÝÞáâØ, âÞçÝÕÕ, ÝÕßàÕàëÒÝÞáâìî ÞâÝÞáØâÕÛìÝÞ
ßàÕÔÕÛìÝÞÓÞ ßÕàÕåÞÔÐ.

ÁÝÐçÐÛÐ ÞßàÕÔÕÛØÜ ßÞÝïâØÕ ßàÕÔÕÛÐ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâØ áÞÑëâØÙ (ÜÝÞ-
ÖÕáâÒ) {Ak}. ÂÐÚÖÕ, ÚÐÚ ÔÛï çØáÛÞÒëå ßÞáÛÕÔÞÒÐâÕÛìÝÞáâÕÙ, ÜÞÖÝÞ íâÞ áÔÕÛÐâì
çÕàÕ× ÒÕàåÝØÙ Ø ÝØÖÝØÙ ßàÕÔÕÛë.

A∗ = lim
n→∞

An = lim sup An =
∞⋂

n=1

∞⋃
k=n

Ak � áÞÑëâØÕ, ×ÐÚÛîçÐîéÕÕáï Ò âÞÜ,
çâÞ ßàÞØ×ÞèÛÞ ÑÕáÚÞÝÕçÝÞ ÜÝÞÓÞ áÞÑëâØÙ Ø× {Ak}.

A∗ = lim
n→∞

An = lim inf An =
∞⋃

n=1

∞⋂
k=n

Ak � áÞÑëâØÕ, ×ÐÚÛîçÐîéÕÕáï Ò âÞÜ,
çâÞ ßàÞØ×ÞèÛØ ÒáÕ áÞÑëâØï Ø× {Ak} ×Ð ØáÚÛîçÕÝØÕÜ, Ñëâì ÜÞÖÕâ, ÚÞÝÕçÝÞÓÞ Øå
çØáÛÐ8.

¾çÕÒØÔÝÞ, çâÞ lim An ⊂ lim An. µáÛØ lim An = lim An, âÞ ÓÞÒÞàïâ, çâÞ ßÞ-
áÛÕÔÞÒÐâÕÛìÝÞáâì áÞÑëâØÙ ØÜÕÕâ ßàÕÔÕÛ. ´Ûï ÜÞÝÞâÞÝÝëå ßÞáÛÕÔÞÒÐâÕÛìÝÞáâÕÙ
áÞÑëâØÙ: A1 ⊂ A2... ⊂ An... ØÛØ B1 ⊃ B2... ⊃ Bn... ßàÕÔÕÛ lim ↑ An (lim ↓ Bn)
ÒáÕÓÔÐ áãéÕáâÒãÕâ.

7. P (lim An) = lim P (An) � áÛÕÔáâÒØÕ 4 ÐÚáØÞÜë, ÚÞâÞàãî ÜÞÖÝÞ ßÕàÕ-
äÞàÜãÛØàÞÒÐâì ÚÐÚ ÝÕßàÕàëÒÝÞáâì ÒÕàÞïâÝÞáâØ ÞâÝÞáØâÕÛìÝÞ ÜÞÝÞâÞÝÝëå ßàÕ-
ÔÕÛìÝëå ßÕàÕåÞÔÞÒ, Ò çÐáâÝÞáâØ, lim P (An) = 0 ÕáÛØ lim ↓ An = ∅.

ÃáÛÞÒÝÐï ÒÕàÞïâÝÞáâì.
¿ãáâì (Ω, F, P (·)) � ÒÕàÞïâÝÞáâÝÞÕ ßàÞáâàÐÝáâÒÞ. ¿ãáâì Ø×ÒÕáâÝÞ, çâÞ Ò åÞ-

ÔÕ íÚáßÕàØÜÕÝâÐ ßàÞØ×ÞèÛÞ áÞÑëâØÕ B (P (B) > 0). µáâÕáâÒÕÝÝÞ ßÞáÛÕ íâÞÓÞ
áã×Øâì ÜÝÞÖÕáâÒÞ ØáåÞÔÞÒ ÔÞ ΩB = B, Ð ÒÜÕáâÞ ÛîÑÞÓÞ áÞÑëâØï A àÐááÜÐâ-
àØÒÐâì AB = A ∩ B. ÂÐÚØÜ ÞÑàÐ×ÞÜ, Üë ÒàÕÜÕÝÝÞ ßÕàÕåÞÔØÜ Þâ (Ω,F, P (·)) Ú
(ΩB,FB, PB(·)), ÓÔÕ ΩB = Ω ∩B, FB = {A ∩B, A ∈ F},

PB(AB) =
P (A ∩B)

P (B)
. (1)

(¿ÞÚÐÖØâÕ, çâÞ FB � σ-ÐÛÓÕÑàÐ, Ð PB(·) ãÔÞÒÛÕâÒÞàïÕâ ÐÚáØÞÜÐÜ.)
¼ÞÖÝÞ ÒÕàÝãâìáï Ú áâÐàÞÜã ÒÕàÞïâÝÞáâÝÞÜã ßàÞáâàÐÝáâÒã (Ω,F, P (·)) Ø

àÐááÜÐâàØÒÐâì ÒÕàÞïâÝÞáâì PB(·) ÝÐ F. ² íâÞÜ áÛãçÐÕ ÕÕ ÝÐ×ëÒÐîâ ãáÛÞÒÝÞÙ
8¿ÞÛÕ×ÝÞÕ ßàÕÔáâÐÒÛÕÝØÕ χA∗ = limχAn , χA∗ = lim χAn , ÓÔÕ χA � åÐàÐÚâÕàØáâØçÕáÚÐï

äãÝÚæØï ÜÝÞÖÕáâÒÐ A.
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ÒÕàÞïâÝÞáâìî Ø ÞÑÞ×ÝÐçÐîâ P (·|B). ÁÞÑëâØÕ B ÜÞÖÝÞ àÐááÜÐâàØÒÐâì ÚÐÚ ßÐ-
àÐÜÕâà. ÄÞàÜãÛÐ (1) ÛÕÓÚÞ ØÝâÕàßàÕâØàãÕâáï Ò âÕàÜØÝÐå ÚÛÐááØçÕáÚÞÙ ÒÕàÞïâ-
ÝÞáâØ, Ð Ò ÞÑéÕÜ áÛãçÐÕ ÞÝÐ ïÒÛïÕâáï ÞßàÕÔÕÛÕÝØÕÜ.

ÁÒÞÙáâÒÐ.
P (Ω|B) = 1. P (A1 + A2|B) = P (A1|B) + P (A2|B).

P (A|B) = 1− P (A|B). P (
∞∑
i=1

Ai|B) =
∞∑
i=1

P (Ai|B.)

ÍâØ áÒÞÙáâÒÐ ßÞÛÕ×Ýë ÔÛï àÕèÕÝØï ×ÐÔÐç. ¿àØÜÕà: ²ÕàÞïâ-
ÝÞáâì ÐÒÐàØØ àÐÚÕâë 0.1, ßàØçÕÜ ÝÐ áâÐàâÕ 0.09. ºÐÚÞÒÐ ÒÕàÞïâ-
ÝÞáâì ÐÒÐàØØ Ò áÛãçÐÕ ãáßÕèÝÞÓÞ áâÐàâÐ? ¿ãáâì áÞÑëâØÕ A � ÐÒÐ-
àØï, B � ÐÒÐàØï ÝÐ áâÐàâÕ, B ⊂ A, A ⊂ B. ¸áÚÞÜÐï ÒÕàÞïâÝÞáâì
P (A|B) = 1− P (A|B) = 1− P (A∩B)

P (B)
= 1− P (A)

P (B)
= 1− 1−0.1

1−0.09
= 1

91
.

ÂÕÞàÕÜÐ ãÜÝÞÖÕÝØï ÒÕàÞïâÝÞáâÕÙ.
P (A ∩B) = P (A|B)P (B), P (B) > 0.
´Ûï âàÕå áÞÑëâØÙ
P (A ∩B ∩ C) = P (A|B ∩ C)P (B|C)P (C) = P (A ∩B|C)P (C) , ÞâáîÔÐ
P (A ∩B|C) = P (A|B ∩ C)P (B|C).
½Õ×ÐÒØáØÜÞáâì. ÁÞÑëâØï A Ø B ÝÕ×ÐÒØáØÜë9, ÕáÛØ

P (A ∩B) = P (A) · P (B).
µáÛØ P (A) = 0 (ØÛØ P (A) = 1), âÞ A Ø B ÝÕ×ÐÒØáØÜë.
µáÛØ P (A) > 0, âÞ P (B|A) = P (B) Þ×ÝÐçÐÕâ ÝÕ×ÐÒØáØÜÞáâì A Ø B, ÝÞ Ò

ÞÑéÕÜ áÛãçÐÕ íâÞ ÝÕ íÚÒØÒÐÛÕÝâÝÞ ÞßàÕÔÕÛÕÝØî ÝÕ×ÐÒØáØÜÞáâØ.
ÁÒÞÙáâÒÐ.
1. A Ø Ω ÝÕ×ÐÒØáØÜë.
2. A Ø B, ÕáÛØ P (A) = 0, ÝÕ×ÐÒØáØÜë.
3. µáÛØ A Ø B ÝÕ×ÐÒØáØÜë, âÞ A Ø B, A Ø B, A Ø B � âÐÚÖÕ ÝÕ×ÐÒØáØÜë

(ÔÞÚÐ×Ðâì áÐÜÞáâÞïâÕÛìÝÞ).
4. µáÛØ A Ø Bi ßÞßÐàÝÞ ÝÕ×ÐÒØáØÜë i = 1, 2, . . . , n, âÞ ÝÕ×ÐÒØáØÜë A Ø

∑
Bi

(ÝÞ ÝÕ
⋃

Bi).
ÄÞàÜãÛÐ ßÞÛÝÞÙ ÒÕàÞïâÝÞáâØ. ÄÞàÜãÛë ±ÐÙÕáÐ.
ÀÐááÜÞâàØÜ ÒÕàÞïâÝÞáâÝÞÕ ßàÞáâàÐÝáâÒÞ (Ω,F, P (·)).
¿ãáâì {Ai, i = 1.2. . . . }� ßÞÛÝÐï ÓàãßßÐ (ÝÕÞÑï×ÐâÕÛìÝÞ ÚÞÝÕçÝÐï) ßÞßÐà-

ÝÞ ÝÕáÞÒÜÕáâÝëå (ÝÕÞÑï×ÐâÕÛìÝÞ àÐÒÝÞÒÕàÞïâÝëå) áÞÑëâØÙ, Ai ∩ Aj = ∅, i 6= j
Ø ßãáâì B ∈ F � ÝÕÚÞâÞàÞÕ áÞÑëâØÕ, P (B) > 0. ÂÞÓÔÐ

B = B∩(
∑
i

Ai) Ø P (B) =
∑
i

P (B|Ai)P (Ai) � äÞàÜãÛÐ ßÞÛÝÞÙ ÒÕàÞïâÝÞáâØ.

¸× P (B ∩ Ak) = P (Ak|B)P (B) = P (B|Ak)P (Ak) áÛÕÔãÕâ
P (Ak|B) = P (B|Ak)P (Ak)

P (B)
= P (B|Ak)P (Ak)P

i
P (B|Ai)P (Ai)

� äÞàÜãÛë ±ÐÙÕáÐ.

½Õ×ÐÒØáØÜÞáâì Ò áÞÒÞÚãßÝÞáâØ. ÁÞÑëâØï {Ai} ÝÕ×ÐÒØáØÜë Ò áÞÒÞÚãßÝÞáâØ, »ÕÚæ. 3
ÕáÛØ ÔÛï ÛîÑëå m Ø ÛîÑëå ÝÐÑÞàÞÒ àÐ×ÛØçÝëå ØÝÔÕÚáÞÒ i1, i2, . . . , im ØÜÕÕâ ÜÕ-
áâÞ àÐÒÕÝáâÒÞ P (

m⋂
k=1

Aik) =
m∏

k=1

P (Aik).

9áâÞåÐáâØçÕáÚØ ÝÕ×ÐÒØáØÜë.
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·ÐÔÐçÐ (¿àØÜÕà ±ÕàÝèâÕÙÝÐ). ¿ãáâì ßàÐÒØÛìÝëÙ âÕâàÐíÔà àÐáÚàÐèÕÝ âÐÚ,
çâÞ ÝÐ âàÕå ÕÓÞ ÓàÐÝïå ÚàÐáÝëÙ, áØÝØÙ Ø ×ÕÛÕÝëÙ æÒÕâ áÞÞâÒÕâáâÒÕÝÝÞ, Ð ÝÐ çÕâ-
ÒÕàâÞÙ � ÒáÕ âàØ æÒÕâÐ. ¿àÞÒÕàìâÕ, çâÞ áÞÑëâØï �ÒëßÐÔÕÝØÕ àÐ×Ýëå æÒÕâÞÒ�
ßÞßÐàÝÞ ÝÕ×ÐÒØáØÜë, ÝÞ ÝÕ ÝÕ×ÐÒØáØÜë Ò áÞÒÞÚãßÝÞáâØ.

¿àØÜÕà ßÞáâàÞÕÝØï ÝÕ×ÐÒØáØÜëå áÞÑëâØÙ.
¿ãáâì (Ω1, F1, P1(·)), (Ω2,F2, P2(·)) � ÔØáÚàÕâÝëÕ (ÔÛï ßàÞáâÞâë) ÒÕàÞïâ-

ÝÞáâÝëÕ ßàÞáâàÐÝáâÒÐ, ω1
i ∈ Ω1, ω2

j ∈ Ω2, P1(ω
1
i ) = p1

i , P2(ω
2
j ) = p2

j . ÀÐá-
áÜÞâàØÜ ÜÝÞÖÕáâÒÞ ãßÞàïÔÞçÕÝÝëå ßÐà {ω1

i ω
2
j}, ÞÑÞ×ÝÐçØÜ ÕÓÞ Ω = Ω1 × Ω2

� ßàïÜÞÕ ßàÞØ×ÒÕÔÕÝØÕ. ¼ÝÞÖÕáâÒÞ ÒáÕÒÞ×ÜÞÖÝëå ßÞÔÜÝÞÖÕáâÒ Ω, ÚÞ-
âÞàÞÕ, ÞçÕÒØÔÝÞ, σ-ÐÛÓÕÑàÐ, ÞÑÞ×ÝÐçØÜ F. ½ÐÚÞÝÕæ, ÒÒÕÔÕÜ ÒÕàÞïâÝÞáâì:
P ({ω1

i ω
2
j}) = pij = P1(ω

1
i )P2(ω

2
j ) = p1

i p
2
j (ßàÞÒÕàØâì ÚÞààÕÚâÝÞáâì!). ¿ÞÛãçÕÝ-

ÝÞÕ ÒÕàÞïâÝÞáâÝÞÕ ßàÞáâàÐÝáâÒÞ ÝÐ×ÞÒÕÜ ßàïÜëÜ ßàÞØ×ÒÕÔÕÝØÕÜ: (Ω, F, P (·)) =
(Ω1,F1, P1(·))× (Ω2,F2, P2(·)).

¿ãáâì Ò íâÞÙ áåÕÜÕ A1 ∈ F1, A2 ∈ F2,
A =

∑
i:ω1

i ∈A1

j:ω2
j∈Ω

{ω1
i ω

2
j} Ø B =

∑
i:ω1

i ∈Ω

j:ω2
j∈A2

{ω1
i ω

2
j}, A,B ∈ F.

½ÐÙÔÕÜ ÒÕàÞïâÝÞáâì
P (A) =

∑
i:ω1

i ∈A1

j:ω2
j∈Ω

pij =
∑

i:ω1
i ∈A1

p1
i

∑
j:ω2

j∈Ω

p2
j =

∑
i:ω1

i ∈A1

p1
i .

°ÝÐÛÞÓØçÝÞ, P (B) =
∑

j:ω2
j∈A2

p2
j .

½ÐÚÞÝÕæ, P (A ∩B) =
∑

i:ω1
i ∈A1

j:ω2
j∈A2

pij =
∑

i:ω1
i ∈A1

p1
i

∑
j:ω2

j∈A2

p2
j = P (A)P (B),

ÞâÚãÔÐ áÛÕÔãÕâ Øå ÝÕ×ÐÒØáØÜÞáâì.
¾ßàÕÔÕÛÕÝØÕ 1. ¿ãáâì (Ω,F, P (·)) � ÔØáÚàÕâÝÞÕ ÒÕàÞïâÝÞáâÝÞÕ ßàÞ-

áâàÐÝáâÒÞ. ¿ÞáÛÕÔÞÒÐâÕÛìÝÞáâìî ÝÕ×ÐÒØáØÜëå ØáßëâÐÝØÙ ÝÐ×ëÒÐÕâáï ÒÕ-
àÞïâÝÞáâÝÞÕ ßàÞáâàÐÝáâÒÞ (Ωn, Fn, Pn(·)), ÚÞâÞàÞÕ ïÒÛïÕâáï ßàïÜëÜ ßàÞ-
Ø×ÒÕÔÕÝØÕÜ n ÞÔØÝÐÚÞÒëå ßàÞáâàÐÝáâÒ (n-Ù áâÕßÕÝìî): (Ω,F, P (·)), â.Õ.
(Ωn, Fn, Pn(·)) =

n× (Ω,F, P (·)). ¿ÞÔàÞÑÝÕÕ: Ωn áÞáâÞØâ Ø× æÕßÞçÕÚ (ωi1ωi2 . . . ωin)
ÔÛØÝë n á ÝÕÞÑï×ÐâÕÛìÝÞ àÐ×ÛØçÝëÜØ ØÝÔÕÚáÐÜØ, Fn � ÐÛÓÕÑàÐ ßÞÔÜÝÞÖÕáâÒ
Ωn, Pn(ωi1ωi2 . . . ωin) = pi1pi2 . . . pin .

¾ßàÕÔÕÛÕÝØÕ 2. ÁåÕÜÞÙ ±ÕàÝãÛÛØ ÝÐ×ëÒÐÕâáï ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì n ÝÕ×Ð-
ÒØáØÜëå ØáßëâÐÝØÙ, ßÞÛãçÕÝÝÐï ÝÐ ÞáÝÞÒÕ ÒÕàÞïâÝÞáâÝÞÓÞ ßàÞáâàÐÝáâÒÐ, Ò ÚÞ-
âÞàÞÜ áÞÔÕàÖØâáï ÛØèì ÔÒÐ íÛÕÜÕÝâÐàÝëå áÞÑëâØï (ØáåÞÔÐ): ω1 � ãáßÕå Ø ω2

� ÝÕãÔÐçÐ (1 Ø 0 áÞÞâÒÕâáâÒÕÝÝÞ). ¾ÑÞ×ÝÐçØÒ P (ω1) = p, P (ω2) = q = 1− p, ßÞ-
ÛãçØÜ Pn(ωi1ωi2 . . . ωin) = pkqn−k, ÓÔÕ k � çØáÛÞ ãáßÕåÞÒ Ò áÕàØØ Ø× n ØáßëâÐÝØÙ
±ÕàÝãÛÛØ.

ºÐÚÞÒÐ ÒÕàÞïâÝÞáâì ßàØ n ØáßëâÐÝØïå ßÞÛãçØâì k ãáßÕåÞÒ? ÍâÞ
pn(k) = Ck

npkqn−k � ÑØÝÞÜØÐÛìÝÞÕ àÐáßàÕÔÕÛÕÝØÕ,
n∑

k=0

pn(k) = 1.

½Ð íâÞ àÐáßàÕÔÕÛÕÝØÕ ÞçÕÝì ÜÝÞÓÞ ×ÐÔÐç Ø Òë á ÝØÜØ ßÞ×ÝÐÚÞÜØâÕáì ÝÐ áÕ-
ÜØÝÐàáÚØå ×ÐÝïâØïå.

¾âàØæÐâÕÛìÝÞÕ ÑØÝÞÜØÐÛìÝÞÕ àÐáßàÕÔÕÛÕÝØÕ (àÐáßàÕÔÕÛÕÝØÕ ¿ÐáÚÐÛï):
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²ÕàÞïâÝÞáâì âÞÓÞ, çâÞ ÔÛï ÔÞáâØÖÕÝØï n ãáßÕåÞÒ Ò áåÕÜÕ ±ÕàÝãÛÛØ ßÞâàÕÑã-
Õâáï n + k ØáßëâÐÝØÙ àÐÒÝÐ p(n, n + k) = Ck

n+k−1p
nqk.

∞∑

k=0

p(n, n + k) =
∞∑

k=0

(n + k − 1)(n + k − 2) . . . (n)

k!
pnqk =

=
∞∑

k=0

(−n)(−n− 1) . . . (−n− k + 1)

k!
pn(−q)k = pn(1− q)−n = 1.

¿ãáâì Ω = {ω1ω2 . . . ωr}. ÂÞÓÔÐ

pn(s1, s2, . . . , sr) =
n!

s1!s2! . . . sr!
ps1

1 ps2
2 . . . psr

r ,

r∑
i

si = n

� ßÞÛØÝÞÜØÐÛìÝÞÕ àÐáßàÕÔÕÛÕÝØÕ (ÞÑéØÙ çÛÕÝ àÐ×ÛÞÖÕÝØï ßÞÛØÝÞÜÐ
(p1 + p2 + · · ·+ pr)

n).
¿àÕÔÕÛìÝëÕ âÕÞàÕÜë (ÔÛï ÑØÝÞÜØÐÛìÝÞÓÞ àÐáßàÕÔÕÛÕÝØï).
ÂÕÞàÕÜÐ ¿ãÐááÞÝÐ.
ÀÐááÜÞâàØÜ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì ÑØÝÞÜØÐÛìÝëå àÐáßàÕÔÕÛÕÝØÙ. ¿ãáâì

p = λ
n

(â.Õ. λ = pn = Const).
ÂÞÓÔÐ ßàØ n →∞: pn(k) =→ p∞(k) = λk

k!
e−λ.

´ÞÚÐ×ÐâÕÛìáâÒÞ.

pn(k) = Ck
npkqn−k =

n(n− 1) . . . (n− k + 1)

k!

(
λ

n

)k (1− λ
n
)n

(1− λ
n
)k

=

=
1(1− 1

n
) . . . (1− k−1

n
)

(1− λ
n
)k

λk

k!

(
1− λ

n

)n

→ λk

k!
e−λ.

·ÐÜÕçÐÝØÕ. ÂÕÞàÕÜÐ, ÞçÕÒØÔÝÞ, áßàÐÒÕÔÛØÒÐ Ø Ò áÛãçÐÕ, ÚÞÓÔÐ ÒÕÛØçØÝÐ pn ÝÕ
ßÞáâÞïÝÝÐ, ÝÞ áâàÕÜØâáï Ú λ.

ÂÕÞàÕÜã ßàÐÚâØçÕáÚØ ÜÞÖÝÞ ßàØÜÕÝïâì10 ßàØ n > 100, λ 6 10.
ÂÕÞàÕÜÐ ¼ãÐÒàÐ-»ÐßÛÐáÐ. (² íâÞÜ áÛãçÐÕ npq ÒÕÛØÚÞ, âÐÚ çâÞ p > 0 Ø q > 0

� äØÚáØàÞÒÐÝÝë).
»ÞÚÐÛìÝÐï.

lim
n→∞

√
npq pn(m)

1√
2π

e−
x2

m
2

= 1, pn(m) ≈ 1√
2π

1√
npq

e−
x2

m
2 , xm =

m− np√
npq

.

¸ÝâÕÓàÐÛìÝÐï. ÍâÐ âÕÞàÕÜÐ ÑãÔÕâ ßÞÛãçÕÝÐ ÚÐÚ áÛÕÔáâÒØÕ Ø× ÑÞÛÕÕ ÞÑéÕÙ,
âÐÚ ÝÐ×ëÒÐÕÜÞÙ ÆÕÝâàÐÛìÝÞÙ ¿àÕÔÕÛìÝÞÙ ÂÕÞàÕÜë.

P

{
a 6 m− np√

npq
< b

}
≈ 1√

2π

b∫

a

e−
x2

2 dx.

° ÛÞÚÐÛìÝãî ÜÞÖÝÞ ÒëÒÕáâØ Ø× ØÝâÕÓàÐÛìÝÞÙ áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ.
10°ÚÚãàÐâÝãî ÞæÕÝÚã ßÞÓàÕèÝÞáâØ ÜÞÖÝÞ ßÞáÜÞâàÕâì Ò ÚÝØÓÕ ±ÞàÞÒÚÞÒ °.°. ÂÕÞàØï ÒÕàÞïâ-

ÝÞáâÕÙ. � ¼.: ½ÐãÚÐ, 1976.
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¿ÞÛÞÖØÜ a = k−np√
npq

, b = k+1−np√
npq

, âÐÚ çâÞ b− a = 1√
npq

.
ÂÞÓÔÐ, ØáßÞÛì×ãï âÕÞàÕÜã Þ áàÕÔÝÕÜ, ßÞÛãçØÜ

pn(k) = P{m = k} = P

{
a 6 m− np√

npq
< b

}
≈

≈ 1√
2π

(b− a)e−
x2

2 |x∈(a,b)≈ 1√
2π

1√
npq

e−
x2

k
2 .

·ÐÜÕçÐÝØÕ. µáÛØ nkp → λ, ÓÔÕ 0 < k < 1, âÞ ÜÞÖÝÞ ßàØÜÕÝïâì ÞÑÕ
ßàØÑÛØÖÕÝÝëÕ äÞàÜãÛë.

¿àØÜÕà. ÁÚÞÛìÚÞ àÐ× ÝãÖÝÞ ÑàÞáØâì ÜÞÝÕâã, çâÞÑë á ÒÕàÞïâÝÞáâìî 0.99 çÐ-
áâÞâÐ ßÞïÒÛÕÝØï ÓÕàÑÐ ÞâÛØçÐÛÐáì Þâ 1

2
ÝÕ ÑÞÛÕÕ, çÕÜ ÝÐ 0.01?

ÀÕèÕÝØÕ. ÁÞÓÛÐáÝÞ ØÝâÕÓàÐÛìÝÞÙ âÕÞàÕÜÕ ¼ãÐÒàÐ-»ÐßÛÐáÐ

P
(∣∣∣m

n
− p

∣∣∣ < 0.01
)

= P

(∣∣∣m
n
− p

∣∣∣ <

√
pq

n
ε

)
= P{

∣∣∣∣
m− np√

npq

∣∣∣∣ < ε} =

≈ 1√
2π

ε∫

−ε

e−
x2

2 dx = 1− 2Φ(−ε) = 0.99.

·ÔÕáì Φ(z) = 1√
2π

z∫
−∞

e−
x2

2 dx � ØÝâÕÓàÐÛ ÞèØÑÞÚ (âÐÑãÛØàÞÒÐÝ).

ε =
√

n
pq

0.01 = 2.58 (Ø× âÐÑÛØæ), ÞâÚãÔÐ n = (129)2 = 16641.
ÁÛãçÐÙÝÐï ÒÕÛØçØÝÐ.»ÕÚæ. 4
¿ãáâì ×ÐÔÐÝÞ ÒÕàÞïâÝÞáâÝÞÕ ßàÞáâàÐÝáâÒÞ (Ω,F, P (·)).
1. ÁÛãçÐÙÝÞÙ ÒÕÛØçØÝÞÙ ÝÐ×ëÒÐÕâáï ÒÕéÕáâÒÕÝÝÐï äãÝÚæØï ξ(ω) (ÞâÞÑ-

àÐÖÕÝØÕ Ω 7→ R1), âÐÚÐï, çâÞ ÔÛï ÛîÑÞÓÞ ÒÕéÕáâÒÕÝÝÞÓÞ x ÜÝÞÖÕáâÒÞ
{ω ∈ Ω : ξ(ω) < x} ∈ F, â.Õ. áÞÑëâØÕ.

2. ²ÕàÞïâÝÞáâì P ({ξ(ω) < x}) = Fξ(x) ÝÐ×ëÒÐÕâáï äãÝÚæØÕÙ àÐáßàÕÔÕÛÕÝØï
áÛãçÐÙÝÞÙ ÒÕÛØçØÝë ξ.

ÁÒÞÙáâÒÐ äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï.
1. ´Ûï x1 < x2: {ξ < x2} = {ξ < x1} + {x1 6 ξ < x2} ⇒

P (ξ < x2) = P (ξ < x1) + P (x1 6 ξ < x2) ⇒ F (x1) 6 F (x2),
P (x1 6 ξ < x2) = F (X2)− F (x1).

2. 0 6 F (x) 6 1, x ∈ R1.
3. F (x) ÝÕßàÕàëÒÝÐ áÛÕÒÐ, lim

xk↑x
F (xk) = F (x). ¿ãáâì

x1 < x2 < · · · < xn < · · · < x. ´ÞÚÐ×ÐâÕÛìáâÒÞ áÛÕÔãÕâ Ø× âÞÓÞ, çâÞ
{ξ < x} =

⋃
k

{ξ < xk} Ø F (x) = lim
xk↑x

F (xk) Ò áØÛã ÝÕßàÕàëÒÝÞáâØ ÒÕàÞïâÝÞáâØ
ÔÛï ÜÞÝÞâÞÝÝëå ßÞáÛÕÔÞÒÐâÕÛìÝÞáâÕÙ áÞÑëâØÙ.

4. P{ξ 6 x} = lim
xk↓x

F (xk) = F (x + 0). ² íâÞÜ áÛãçÐÕ ÔÛï
x1 > x2 > · · · > xn > · · · > x ØÜÕÕÜ {ξ 6 x} =

⋂
k

{ξ < xk} Ø ÔÐÛÕÕ ØáßÞÛì×ãÕÜ
ÝÕßàÕàëÒÝÞáâì ÒÕàÞïâÝÞáâØ ÔÛï ÜÞÝÞâÞÝÝëå ßÞáÛÕÔÞÒÐâÕÛìÝÞáâÕÙ áÞÑëâØÙ.

5. ²ëßØèÕÜ áÞÞâÝÞèÕÝØï ÔÛï x1 6 x2:
P{x1 6 ξ < x2} = F (x2)− F (x1),



ºÞÝáßÕÚâ ÛÕÚæØÙ ßÞ âÕÞàØØ ÒÕàÞïâÝÞáâÕÙ � 2005 11

P{x1 6 ξ 6 x2} = F (x2 + 0) − F (x1), Ò çÐáâÝÞáâØ, ßàØ x1 = x2 = x:
P{ξ = x} = F (x + 0)− F (x),

P{x1 < ξ 6 x2} = F (x2 + 0)− F (x1 + 0),
P{x1 < ξ < x2} = F (x2)− F (x1 + 0).
6. F (−∞) = lim

n→∞
F (−n) = 0, F (+∞) = lim

n→∞
F (+n) = 1.

ÁãéÕáâÒÞÒÐÝØÕ ßàÕÔÕÛÞÒ áÛÕÔãÕâ Ø× ÜÞÝÞâÞÝÝÞáâØ Ø ÞÓàÐÝØçÕÝÝÞáâØ. ÀÐÒÕÝ-
áâÒÐ � Ø× áÞÞâÝÞèÕÝØï 1 = P{−∞ < ξ < ∞} = P (+∞)− P (−∞).

¾âÜÕâØÜ ÕéÕ, çâÞ äãÝÚæØï àÐáßàÕÔÕÛÕÝØï ØÜÕÕâ ÝÕ ÑÞÛÕÕ, çÕÜ áçÕâÝÞÕ çØáÛÞ
áÚÐçÚÞÒ. (ÇØáÛÞ N( 1

k
) áÚÐçÚÞÒ àÐ×ÜÕàÞÜ ÝÕ ÑÞÛÕÕ 1

k
ÞÓàÐÝØçÕÝÞ ÒÕÛØçØÝÞÙ k).

ÄãÝÚæØï, ãÔÞÒÛÕâÒÞàïîéÐï ãáÛÞÒØïÜ 1 � 6 ïÒÛïÕâáï äãÝÚæØÕÙ àÐáßàÕÔÕÛÕ-
ÝØï (ÝÕÚÞâÞàÞÙ áÛãçÐÙÝÞÙ ÒÕÛØçØÝë). ¾ÔÝÐÚÞ, Ø× àÐÒÕÝáâÒÐ Fξ(x) = Fη(x) ÝÕ
áÛÕÔãÕâ áÞÒßÐÔÕÝØï ξ Ø η; ÞÝØ ÜÞÓãâ àÐ×ÛØçÐâìáï á ÒÕàÞïâÝÞáâìî ÕÔØÝØæÐ.

I. ´ØáÚàÕâÝëÕ áÛãçÐÙÝëÕ ÒÕÛØçØÝë.
¼ÝÞÖÕáâÒÞ ×ÝÐçÕÝØÙ ÚÞÝÕçÝÞ ØÛØ áçÕâÝÞ. P{ξ = xk} = pk,

∑
pk = 1. ´Ûï

ÛîÑÞÓÞ ßÞÔÜÝÞÖÕáâÒÐ A ×ÝÐçÕÝØÙ {xk} ØÜÕÕÜ p{ξ ∈ A} =
∑

k: xk∈A

pk. ºÞààÕÚâ-

ÝÞáâì áÛÕÔãÕâ Ø× »ÕÜÜë Þ áãÜÜØàÞÒÐÝØØ ßÞ ÑÛÞÚÐÜ.
ÄãÝÚæØï àÐáßàÕÔÕÛÕÝØï F (x) =

∑
k: x<xk

pk ßÞÛÝÞáâìî ÞßàÕÔÕÛïÕâ àÐáßàÕÔÕ-
ÛÕÝØÕ: ×ÝÐçÕÝØï xk � âÞçÚØ àÐ×àëÒÐ , ÒÕàÞïâÝÞáâØ pk � ÒÕÛØçØÝë áÚÐçÚÞÒ.

-

6

xx1 x2 x3 x4

F (x)

¾

¾

¾

¾

r r r r

ÄãÝÚæØï àÐáßàÕÔÕÛÕÝØï

II. ÁÛãçÐÙÝÐï ÒÕÛØçØÝÐ ξ ÝÐ×ëÒÐÕâáï ÝÕßàÕàëÒÝÞÙ (ÐÑáÞÛîâÝÞ ÝÕßàÕ-
àëÒÝÞÙ), ÕáÛØ Fξ(x) =

x∫
−∞

pξ(x)dx, ÓÔÕ pξ(x) � ÝÕÞâàØæÐâÕÛìÝÐï ÚãáÞçÝÞ-

ÝÕßàÕàëÒÝÐï äãÝÚæØï, ÚÞâÞàÐï ÝÐ×ëÒÐÕâáï ßÛÞâÝÞáâìî ÒÕàÞïâÝÞáâØ (ßÛÞâÝÞ-
áâìî àÐáßàÕÔÕÛÕÝØï ÒÕàÞïâÝÞáâØ) áÛãçÐÙÝÞÙ ÒÕÛØçØÝë ξ,

∞∫
−∞

pξ(x)dx = 1.

² âÞçÚÐå ÝÕßàÕàëÒÝÞáâØ pξ(x) =
dFξ(x)

dx
.

P{x1 6 ξ < x2} = F (x2)− F (x1) =
x2∫
x1

pξ(x)dx.

·ÐÜÕçÐÝØï.
1. ¸ÝâÕÓàÐÛ ßÞÝØÜÐÕâáï Ò áÜëáÛÕ »ÕÑÕÓÐ (Ò ßàÞáâÕÙèØå áÛãçÐïå ÞÝ áÞÒßÐ-

ÔÐÕâ á ÀØÜÐÝÞÒáÚØÜ).
2. ´Ûï ÛîÑÞÓÞ ±ÞàÕÛÕÒáÚÞÓÞ (Ø×ÜÕàØÜÞÓÞ) ÜÝÞÖÕáâÒÐ A ØÜÕÕÜ

P (A) =
∫
A

dF (x)

3. µáÛØ p(x) ÝÕßàÕàëÒÝÐ ÝÐ [x, x + ∆x], âÞ ßÞ âÕÞàÕÜÕ Þ áàÕÔÝÕÜ
P{x 6 ξ < x + ∆x} = p(x) + o(∆x).
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4. P{ξ = x} = F (x + 0) − F (x) = 0 ÔÛï ÝÕßàÕàëÒÝëå áÛãçÐÙÝëå ÒÕÛØçØÝ,
ßÞíâÞÜã ÔÛï ÝØå ÝÕàÐÒÕÝáâÒÐ 6, > ÜÞÖÝÞ ×ÐÜÕÝØâì ÝÐ <, > Ø ÝÐÞÑÞàÞâ.

III. ÁØÝÓãÛïàÝëÕ áÛãçÐÙÝëÕ ÒÕÛØçØÝë. ´Ûï ÝØå ÜÝÞÖÕáâÒÞ âÞçÕÚ àÞáâÐ
äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï ØÜÕÕâ (»ÕÑÕÓÞÒã) ÜÕàã ÝãÛì. ¿àØÜÕà � ºÐÝâÞàÞÒáÚÐï
ÛÕáâÝØæÐ. ¾ÑéÐï ÔÛØÝÐ ÞâàÕ×ÚÞÒ áâÐæØÞÝÐàÝÞáâØ áâàÕÜØâáï Ú

∞∑
n=1

2n−1

3n = 1.

¿ÞÚÐ×ÐÝÞ, çâÞ áÛãçÐÙÝëÕ ÒÕÛØçØÝë ØáçÕàßëÒÐîâáï íâØÜØ âàÕÜï âØßÐÜØ, ÝÞ
áãéÕáâÒãîâ áÜÕèÐÝÝëÕ âØßë: F (x) = αFξ1(x) + (1− α)Fξ2(x), 0 < α < 1.

¼ÝÞÓÞÜÕàÝëÕ áÛãçÐÙÝëÕ ÒÕÛØçØÝë. ¿ãáâì ×ÐÔÐÝÞ (Ω,F, P (·)).
²ÕÚâÞàÝÞÙ áÛãçÐÙÝÞÙ ÒÕÛØçØÝÞÙ ÝÐ×ëÒÐÕâáï ÒÕÚâÞàÝÐï äãÝÚæØï
ξ(ω) = (ξ1(ω), ξ2(ω) . . . , ξn(ω)), âÐÚÐï, çâÞ ÔÛï ÛîÑëå x1, x2, . . . , xn:
{ω : ξ1(ω) < x1, ξ2(ω) < x2, . . . , ξn(ω) < xn} ∈ F.
P{ξ1 < x1, ξ2 < x2, . . . , ξn < xn} = F (x1, x2, . . . , xn) � n-ÜÕàÝÐï äãÝÚ-
æØï àÐáßàÕÔÕÛÕÝØï.

´ÐÛÕÕ àÐááÜÞâàØÜ áÛãçÐÙ n = 2.
F (x, y) = P{ξ < x, η < y}.
ÁÒÞÙáâÒÐ.

1. F (x, y) ÝÕ ãÑëÒÐÕâ ßÞ x Ø ßÞ y.
2. F (x, y) ÝÕßàÕàëÒÝÐ áÛÕÒÐ ßÞ ÚÐÖÔÞÜã ÐàÓãÜÕÝâã.
3. F (+∞, +∞) = 1, F (−∞, y) = F (x,−∞) = 0.
4. P{x1 6 ξ < x2, y1 6 η < y2} = F (x2, y2)− F (x1, y2)− F (x2, y1)+ +F (x1, y1).
5. Fξ(x) = F (x, +∞), Fη(y) = F (+∞, y) � ÜÐàÓØÝÐÛìÝëÕ àÐáßàÕÔÕÛÕÝØï.

{ξ < x} =
∞∑

k=−∞
{ξ < x, k 6 η < k + 1} ⇒

P{ξ < x} =
∞∑

k=−∞
[F (x, k + 1)− F (x, k)] = F (x,∞).

´Ûï ÐÑáÞÛîâÝÞ ÝÕßàÕàëÒÝëå áÛãçÐÙÝëå ÒÕÛØçØÝ F (x, y) =
x∫

−∞

y∫
−∞

p(x, y)dxdy Ø
ÔÐÛÕÕ:

1. ¿ÛÞâÝÞáâì p(x, y) = ∂2F (x,y)
∂x∂y

Ò âÞçÚÐå ÝÕßàÕàëÒÝÞáâØ.
2. P (ξ ∈ D) =

∫
D

p(x)dx (ξ, x ∈ Rn, D ⊂ Rn ).

3. P{x 6 ξ < x + ∆x, y 6 η < y + ∆y} = p(x, y)∆x∆y + o(∆x∆y) Ò
ÞÚàÕáâÝÞáâØ âÞçÚØ ÝÕßàÕàëÒÝÞáâØ.

4. ¼ÐàÓØÝÐÛìÝëÕ ßÛÞâÝÞáâØ pξ(x) =
∞∫
−∞

p(x, y)dy, pη(y) =
∞∫
−∞

p(x, y)dx.

ÃáÛÞÒÝëÕ àÐáßàÕÔÕÛÕÝØï.

¿ãáâì � áÞÑëâØÕ, P{B} 6= 0. ÂÞÓÔÐ P{ξ < x|B} = Fξ(x|B) =
x∫

−∞
pξ(x|B)dx.
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¿ãáâì ×ÐÔÐÝÐ p(x, y) � ßÛÞâÝÞáâì àÐáßàÕÔÕÛÕÝØï áÛ. ÒÕÛØçØÝë (ξ, η). ÀÐá-
áÜÞâàØÜ F (ξ < x|B), ÓÔÕ B = {y 6 η < y + ∆y}:

F (ξ < x, B) =
P{ξ < x, y 6 η < y + ∆y}

P{y 6 η < y + ∆y} =

x∫
−∞

dx
y+∆y∫

y

p(x, y)dy

∞∫
−∞

dx
y+∆y∫

y

p(x, y)dy

=

=

x∫
−∞

p(x, y)dx∆y + o(∆y)

pη(y)∆y + o(∆y)
.

ÀÐ×ÔÕÛØÒ ÝÐ ∆y Ø ßÕàÕåÞÔï Ú ßàÕÔÕÛã ßàØ ∆y → 0, ßÞÛãçÐÕÜ

Fξ|η(x|y) =

x∫
−∞

p(x, y)dx

pη(y)
Ø pξ|η(x|y) =

p(x, y)

pη(y)
.

½ÐÚÞÝÕæ, ÝÐ ÞáÝÞÒÕ íâÞÙ äÞàÜãÛë ÜÞÖÝÞ ×ÐßØáÐâì

pξ(x) =

∞∫

−∞

pξ|η(x|y)pη(y)dy.

(ÐÝÐÛÞÓ äÞàÜãÛë ßÞÛÝÞÙ ÒÕàÞïâÝÞáâØ).

½Ð×ÐÒØáØÜÞáâì áÛãçÐÙÝëå ÒÕÛØçØÝ. »ÕÚæ. 5
ÁÛãçÐÙÝëÕ ÒÕÛØçØÝë ξ1, ..., ξn ÝÐ×ëÒÐîâáï ÝÕ×ÐÒØáØÜëÜØ Ò áÞÒÞÚãßÝÞáâØ

(ßÞßÐàÝÞ), ÕáÛØ ∀x1, ..., xn áÞÑëâØï {ξ1 < x1}, ..., {ξn, < xn} ÝÕ×ÐÒØáØÜë Ò áÞÒÞ-
ÚãßÝÞáâØ (ßÞßÐàÝÞ). ¿ãáâì âÕßÕàì n = 2.

F (x, y) = P{ξ < x, η < y} = P{ξ < x} P{η < y} = Fξ(x) Fη(y). (2)

P{x1 6 ξ < x2, y1 6 η < y2} =
= F (x2, y2)− F (x1, y2)− F (x2, y1) + F (x1, y1) =
= Fξ(x2)Fη(y2)− Fξ(x1)Fη(y2)− Fξ(x2)Fη(y1) + Fξ(x1)Fη(y1) =
= (Fξ(x2)− Fξ(x1)) (Fη(y2)− Fη(y1)) =
= P{x1 6 ξ < x2} P{y1 6 η < y2}.

(3)

ÄÞàÜãÛë (2) Ø (3) íÚÒØÒÐÛÕÝâÝë (x1, y1 → ∞). ´Ûï ÔØáÚàÕâÝëå áÛ. ÒÕÛØçØÝ
P (ξ = xk, η = yj) = P (ξ = xk)P (η = yj). ²ßàÞçÕÜ ØÝÔÕÚáë ÜÞÖÝÞ ÞßãáâØâì.

pξη(x, y) = pξ(x)pη(y) Ò âÞçÚÐå ÝÕßàÕàëÒÝÞáâØ íâØå äãÝÚæØÙ.
²ÕàÝÕÜáï Ú (2). ²ÕàÝÞ ÛØ ÞÑàÐâÝÞÕ?
ÂÕÞàÕÜÐ. ¿ãáâì Fξη(x, y) = F1(x) · F2(y) , ßàØçÕÜ F1(+∞) = 1. ÂÞÓÔÐ

F1(x) = Fξ(x), F2(y) = Fη(y).
´ÞÚÐ×ÐâÕÛìáâÒÞ áÛÕÔãÕâ Ø× áÒÞÙáâÒ ÔÒãÜÕàÝÞÙ äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï.
ÁÛãçÐÙÝëÕ ÒÕÛØçØÝë ξ, η ÝÐ×ëÒÐîâáï íÚÒØÒÐÛÕÝâÝëÜØ, ÕáÛØ P (ξ 6= η) = 0

(áÞÒßÐÔÐîâ ßÞçâØ ÒáîÔã).
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ÄãÝÚæØØ Þâ áÛãçÐÙÝëå ÒÕÛØçØÝ.
¿ãáâì η = f(ξ), ÓÔÕ f(·) � Ø×ÜÕàØÜÐï äãÝÚæØï, Rn 7→ Rm. ¾ÑëçÝÞ âàÕÑãÕâ-

áï ÝÐÙâØ àÐáßàÕÔÕÛÕÝØÕ η, ÕáÛØ Ø×ÒÕáâÝÞ àÐáßàÕÔÕÛÕÝØÕ ξ.
¿àØÜÕà. ¿ãáâì y = f(x) � ÝÕÒëàÞÖÔÕÝÝÞÕ ßàÕÞÑàÐ×ÞÒÐÝØÕ (ÑØÕÚæØï).

¿ãáâì ÔÐÝÐ ßÛÞâÝÞáâì pξ(x). ½ÐÙâØ ßÛÞâÝÞáâì pη(y), ÕáÛØ η = f(ξ).
´Ûï ßàÞØ×ÒÞÛìÝÞÙ ÞÑÛÐáâØ ØÜÕÕÜ:

∫

D

pη(y)dy = P (η ∈ D) = P (f(ξ) ∈ D) = P (ξ ∈ f−1(D)) =

=

∫

f−1(D)

pξ(x)dx =

∫

D

pξ(f
−1(y))

∣∣∣∣
∂(x)

∂(y)

∣∣∣∣ dy.

¾âáîÔÐ Ò áØÛã ßàÞØ×ÒÞÛìÝÞáâØ D ßÞÛãçÐÕÜ, çâÞ
pη(y) = pξ(f

−1(y))|∂(x)
∂(y)

|dy.
¿àØÜÕà. ·ÐÔÐÝÐ ßÛÞâÝÞáâì pξ(x1, x2). ½ÐÙâØ àÐáßàÕÔÕÛÕÝØÕ ξ1 + ξ2.
¿ãáâì
η1 = ξ1 + ξ2,
η2 = ξ2,

y1 = x1 + x2,
y2 = x2,

x1 = y1 − y2,
x2 = y2,

|∂(x)
∂(y)

| = 1.

ÂÞÓÔÐ pη(y) = pξ(y1 − y2, y2) Ø
pη1(y1) =

∞∫
−∞

pξ(y1 − y2, y2)dy2.

µáÛØ ξ Ø η ÝÕ×ÐÒØáØÜë, âÞ pη1(y1) =
∞∫
−∞

pξ1(y1 − y2)pξ2(y2)dy2 (áÒÕàâÚÐ!).

½Õ×ÐÒØáØÜÞáâì äãÝÚæØÙ Þâ ÝÕ×ÐÒØáØÜëå áÛ. ÒÕÛØçØÝ. ÀÐááÜÞâàØÜ ÔØá-
ÚàÕâÝëÙ áÛãçÐÙ. ¿ãáâì ξ Ø η � ÝÕ×ÐÒØáØÜëÕ áÛ. ÒÕÛØçØÝë, âÞÓÔÐ f1(ξ) Ø f2(η)
(ÓÔÕ f1 Ø f2 � Ø×ÜÕàØÜëÕ äãÝÚæØØ) âÐÚÖÕ ÝÕ×ÐÒØáØÜëÕ áÛ. ÒÕÛØçØÝë.

´ÕÙáâÒØâÕÛìÝÞ, ßãáâì ξ ßàØÝØÜÐÕâ ×ÝÐçÕÝØï xi, Ð η � ×ÝÐçÕÝØï yj . ´Ûï Ûî-
Ñëå s Ø t ØÜÕÕÜ:

P{f1(ξ) = s, f2(η) = t} =
∑

i:f1(xi)=s
j:f2(yj)=t

P{ξ = xi, η = yj} =

=
∑

i:f1(xi)=s

P{ξ = xi} ·
∑

j:f2(yj)=t

P{η = yj} = P{f1(ξ) = s} · P{f2(η) = t}.

ÇØáÛÞÒëÕ åÐàÐÚâÕàØáâØÚØ áÛãçÙÝëå ÒÕÛØçØÝ. ¼ÞÜÕÝâë.
½ÐçÐÛìÝëÙ ÜÞÜÕÝâ ßÞàïÔÚÐ k:
Mξk =

∞∫
−∞

xkpξ(x)dx, ÕáÛØ
∞∫
−∞

|x|kpξ(x)dx < +∞ ØÛØ

Mξk =
∞∑
i=1

xk
i pi, ÕáÛØ

∞∑
i=1

|xi|kpi < +∞.

¼ÐâÕÜÐâØçÕáÚÞÕ ÞÖØÔÐÝØÕ ØÛØ áàÕÔÝÕÕ ×ÝÐçÕÝØÕ: Mξ =
∞∫
−∞

xdFξ(x).

ÂÕÞàÕÜÐ. ¿ãáâì áÛ. ÒÕÛØçØÝÐ η = f(ξ). ÂÞÓÔÐ11 Mη =
∞∫
−∞

f(x)dFξ(x).

11ÕáÛØ ÜÞÜÕÝâ áãéÕáâÒãÕâ
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´ÞÚÐ×ÐâÕÛìáâÒÞ (ÔÛï ÔØáÚàÕâÝëå áÛãçÐÙÝëå ÒÕÛØçØÝ)

Mη =
∞∑

k=1

ykP (η = yk) =
∑

k

yk

∑

i:f(xi)=yk

pi =
∑

i

f(xi)pi.

ÁÛÕÔáâÒØÕ: M(
∑

Ckξk) =
∑

CkMξk.
ÆÕÝâàÐÛìÝëÙ ÜÞÜÕÝâ k-ÓÞ ßÞàïÔÚÐ M(ξ −Mξ)k =

∞∫
−∞

(x−Mξ)kdFξ(x).

ÆÕÝâàÐÛìÝëÙ ÜÞÜÕÝâ ÒâÞàÞÓÞ ßÞàïÔÚÐ M(ξ−Mξ)2 =
∞∫
−∞

(x−Mξ)2dFξ(x) = Dξ

ÝÞáØâ ÝÐ×ÒÐÝØÕ ÔØáßÕàáØØ,
√
Dξ � áâÐÝÔÐàâÝÞÕ ÞâÚÛÞÝÕÝØÕ.

Dξ = M(ξ −Mξ)2 = Mξ2 − (Mξ)2.
ÁÒÞÙáâÒÐ ÜÐâÕÜÐâØçÕáÚÞÓÞ ÞÖØÔÐÝØï Ø ÔØáßÕàáØØ.
1. M(ξ + η) = Mξ + Mη =

=

∞∫

−∞

zpξ+η(z)dz =

∞∫

−∞

(x + y)

∞∫

−∞

p(x, y)dxdy =

∞∫∫

−∞

xp(x, y)dxdy+

+

∞∫∫

−∞

yp(x, y)dxdy =

∞∫

−∞

xpξ(x)dx +

∞∫

−∞

ypη(y)dy.

(°ÝÐÛÞÓØçÝÞ ÔÛï ÔØáÚàÕâÝëå áÛ. ÒÕÛØçØÝ.)
2. M(C1ξ + C2η) = C1Mξ + C2Mη Ø MAξ = AMξ ( A � ÜÐâàØæÐ, ξ � áÛ.

ÒÕÚâÞà).
3. µáÛØ ξ Ø η ÝÕ×ÐÒØáØÜë, âÞ M(ξη) = MξMη. (¿àØ Mξ < ∞, Mη < ∞.

·ÐÜÕâØÜ, çâÞ M(ξη) Ò íâÞÜ áÛãçÐÕ áãéÕáâÒãÕâ.)
¾ÑàÐâÝÞÕ ÝÕÒÕàÝÞ! ¿ãáâì, ÝÐßàØÜÕà, ξ Ø η � ÝÕ×ÐÒØáØÜëÕ áÛ. ÒÕÛØçØÝë Ø

Mη = Mξ = 0. ÂÞÓÔÐ M(ξη)ξ = Mξ2η = 0. ÝÞ ÞâáîÔÐ ÝÕ áÛÕÔãÕâ, çâÞ ξη Ø η
ÝÕ×ÐÒØáØÜë. ² áÐÜÞÜ ÔÕÛÕ,

η\ξ -1 2
-1 4/9 2/9
2 2/9 1/9

,

ÝÞ P{ξη = 1, ξ = −1} = 4
9
6= P{ξη = 1}P{ξ = −1} = 8

27
.

¿àØÜÕàë ÜÞÜÕÝâÞÒ
¿ãáâì ξi � çØáÛÞ ãáßÕåÞÒ Ò i-Ü ØáßëâÐÝØØ ±ÕàÝãÛÛØ. Mξi = 1 · p + 0 · q = p,

Mξ2 = 12 · p + 02 · q = p, Dξi = p− p2 − pq.
ÀÐáßàÕÔÕÛÕÝØÕ ¿ãÐááÞÝÐ
Mξ =

∞∑
k=0

k λk

n!
e−λ = λ

∞∑
k=1

k λk−1

n!
e−λ = λe−λ d

dλ
eλ = λ. °ÝÐÛÞÓØçÝëÜ ßàØÕÜÞÜ

ßÞÛãçÐÕÜ Mξ2 = λ + λ2 Ø Dξ = λ.
½ÞàÜÐÛìÝÞÕ àÐáßàÕÔÕÛÕÝØÕ N(µ, σ2):
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p(x) = 1√
2πσ2

exp{− 1
2σ2 (x− µ)2}.

Mξ =

∞∫

−∞

xp(x)dx =

∞∫

−∞

x
1√

2πσ2
exp{− 1

2σ2
(x− µ)2}dx =

=
1√

2πσ2

∞∫

−∞

(y + µ) exp{− 1

2σ2
y2}dy = µ.

°ÝÐÛÞÓØçÝÞ

Dξ =

∞∫

−∞

(x− µ)2 1√
2πσ2

exp{− 1

2σ2
(x− µ)2}dx =

σ2

√
2π

∞∫

−∞

t2e−
t2

2 dt = σ2.

4. ½ÕàÐÒÕÝáâÒÐ.»ÕÚæ. 6
Ð/ ξ > η ⇒ Mξ > Mη (ÁÛÕÔáâÒØÕ 2.)
Ñ/ ½Õà-ÒÞ ºÞèØ-±ãÝïÚÞÒáÚÞÓÞ
M(ξ − λη)2 = Mξ2 − 2λMξη + λ2Mη2 > 0 ⇒ (Mξη)2 6 Mξ2Mη2.
µáÛØ àÐÒÕÝáâÒÞ, âÞ ∃λ, M(ξ − λη)2 = 0.
Ò/ ½ÕàÐÒÕÝáâÒÞ ¼ÐàÚÞÒÐ.

P{|ξ| > ε} 6 M|ξ|k
εk

, k = 1, 2, ....

¿ãáâì
η =

{
0, |ξ| 6 ε,
ε, |ξ| > ε.

ÂÞÓÔÐ |η|k 6 |ξ|k ⇒ εkP{|ξ| > ε} 6 M|ξ|k.
¿àØ k = 2 � ÝÕàÐÒÕÝáâÒÞ ÇÕÑëèñÒÐ12.
5. DC = 0. ¾ÑàÐâÝÞ: ÕáÛØ Dξ = 0, âÞ P{ξ = const} = 1. ´ÞÚÐ×ÐâÕÛìáâÒÞ.

∀ε > 0 P{|ξ| > ε} = 0. ÀÐááÜÞâàØÜ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì Ak = {|ξ −Mξ| > 1
k
}.

Ak ↑ A = {|ξ −Mξ| > 0} ⇒ P{|ξ −Mξ| > 0} = lim
k→∞

P{|ξ −Mξ| > 1
k
} = 0.

²Þ×ÒàÐéÐïáì Ú ÝÕàÐÒÕÝáâÒã ºÞèØ: ÕáÛØ àÐÒÕÝáâÒÞ, âÞ ∃λ, âÐÚÞÕ, çâÞ
ξ − λη = const á ÒÕàÞïâÝÞáâìî 1 (ßÞçâØ ÝÐÒÕàÝÞÕ).

6. DCξ = C2Dξ.

7. D
n∑

i=1

ξi = M
[

n∑
i=1

(ξi −Mξi)

]2

= M
n∑

i=1

(ξi − Mξi)
2 +

n∑
i,j=1,i6=j

M(ξi −Mξi)(ξj −Mξj) =
n∑

i=1

Dξi +
n∑

i,j=1,i 6=j

covξiξj

(=
n∑

i=1

Dξi ÕáÛØ ξi, ξj ßÞßÐàÝÞ ÝÕ×ÐÒØáØÜë � äÞàÜãÛÐ ±ìÕÝÕÜí.)
¼ÞÜÕÝâë ÒÕÚâÞàÝëå áÛãçÐÙÝëå ÒÕÛØçØÝ.
Mξ = (Mξ1,Mξ2, ...,Mξn), MAξ = AMξ,
Dξ = (Dξ1,Dξ2, ...,Dξn)

12¿ÐäÝãâØÙ »ìÒÞÒØç ÇÕÑëèñÒ 1821�1894 � àãááÚØÙ ÜÐâÕÜÐâØÚ, áÞ×ÔÐâÕÛì ¿ÕâÕàÑãàÓáÚÞÙ
ÝÐãçÝÞÙ èÚÞÛë.
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‖covξiξj‖� ÚÞÒÐàØÐæØÞÝÝÐï ÜÐâàØæÐ. ²ÒÕÔÕÜ rij =
covξiξj√
DξiDξj

, |rij| 6 1.
ºÐÚÞÒ áÜëáÛ rij? ¿ãáâì |rij| = 1 Ø ε = ±1, âÞÓÔÐ

M
(

ξi√
Dξi

+ ε
ξj√
Dξj

)2

= 2(1 + εrij) = 0 Ø ÒÕÛØçØÝë ξi Ø ξj ÛØÝÕÙÝÞ ×ÐÒØ-
áØÜë á ÒÕàÞïâÝÞáâìî 1.

ÃáÛÞÒÝÞÕ ÜÐâÕÜÐâØçÕáÚÞÕ ÞÖØÔÐÝØÕ

M(ξ|η = y) =

∞∫

−∞

xpξ|η(x|y)dx.

ÍâÞ áÛãçÐÙÝÐï ÒÕÛØçØÝÐ, äãÝÚæØï Þâ η. ¾ÝÐ ÞÑÛÐÔÐÕâ ÒáÕÜØ áÒÞÙáâÒÐÜØ ÜÐ-
âÕÜÐâØçÕáÚÞÓÞ ÞÖØÔÐÝØï á ÒÕàÞïâÝÞáâìî 1.

µáÛØ ãçÕáâì, çâÞ pξ|η(x|y) =
pξη(x,y)

pη(y)
, âÞ

M[M(ξ|η = y)] =

∞∫

−∞




∞∫

−∞

xpξ|η(x|y)dx


 pη(y)dy =

=

∞∫

−∞

∞∫

−∞

xpξη(x, y)dxdy = Mξ.

·ÐÔÐçÐ Þ ÝÐØÛãçèÕÜ áàÕÔÝÕÚÒÐÔàÐâØçÝÞÜ ßàØÑÛØÖÕÝØØ.
¿ãáâì ξ Ø η � áÛ. ÒÕÛØçØÝë, ÝÐÑÛîÔÐÕÜ ξ, âàÕÑãÕâáï ÞæÕÝØâì η, â.Õ. ÝÐÙâØ

âÐÚãî äãÝÚæØî f(·), çâÞ M(η − f(ξ))2 ∼ min
f(·)

ÂÕÞàÕÜÐ. f(ξ) = M(η|ξ) (ß.Ý.).
´ÞÚÐ×ÐâÕÛìáâÒÞ. M(η − f(ξ))2 = M[M((η − f(ξ))2|ξ)] =

= M[M((η −M(η|ξ) + M(η|ξ)− f(ξ))2|ξ)] =

= M{M((η −M(η|ξ))2|ξ) + 2M((η −M(η|ξ))(M(η|ξ)− f(ξ))|ξ)+
+(M(η|ξ)− f(ξ))2|ξ)} = M(η −M(η|ξ))2 + M(M(η|ξ)− f(ξ))2 >
> M(η −M(η|ξ))2, â.Ú. M((η −M(η|ξ))(M(η|ξ)− f(ξ))|ξ) = 0,

ßàØçÕÜ àÐÒÕÝáâÒÞ ÒëßÞÛÝïÕâáï, âÞÛìÚÞ ÕáÛØ f(ξ) = M(η|ξ) (ß.Ý.).
´àãÓØÕ ×ÐÔÐçØ ÝÐØÛãçèÕÓÞ ßàØÑÛØÖÕÝØï.
1) ¿àØÑÛØÖÕÝØÕ ßÞáâÞïÝÝÞÙ. M(ξ − C)2 ∼ min

C
⇒Mξ2 − 2CMξ + C2 ∼ min

C

⇒ C = Mξ Ø minM(ξ − C)2 = Dξ.
2) ¿àØÑÛØÖÕÝØÕ η ßÞ ÝÐÑÛîÔÕÝØïÜ ξ Ò ÚÛÐááÕ ÛØÝÕÙÝëå äãÝÚæØÙ.

M(η − aξ − b)2 = M(η − aξ)2 − 2bM(η − aξ) + b2 ∼ min
a,b

. (4)

´ØääÕàÕÝæØàãï (4) ßÞ (b), ÝÐåÞÔØÜ b = Mη−aMξ, ßÞáÛÕ çÕÓÞ (∗) ßàØÝØÜÐÕâ ÒØÔ
M(η−Mη−a(ξ−Mξ))2 = Dη−2acovξη+a2Dξ, ÔØääÕàÕÝæØàãï ßÞ (a), ßÞÛãçÐÕÜ
−2covξη+2aDξ = 0⇒ a = covξη

Dξ
Ø aξ+b = a(ξ−Mξ)+Mη = covξη

covξξ
(ξ−Mξ)+Mη.
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ÁàÕÔÝÕÚÒÐÔàÐâØçÝÐï ÞèØÑÚÐ ßàØ íâÞÜ àÐÒÝÐ M(η − aξ − b)2 =

= M(η −Mη − a(ξ −Mξ)2 = Dη − 2acovξη + a2Dξ = Dη − (covξη)2

Dξ
.

·ÐÔÐçÐ ÝÐØÛãçèÕÓÞ ÛØÝÕÙÝÞÓÞ ßàØÑÛØÖÕÝØï Ò ÒÕÚâÞàÝÞÜ áÛãçÐÕ. ¿ãáâì
ξ � Ø×ÜÕàÕÝÝëÙ ÒÕÚâÞà, Mξ = 0, Mη = 0. ½ãÖÝÞ ÝÐÙâØ ÜÐâàØæã A, âÐÚãî, çâÞ
M‖η − Aξ‖2 ∼ min

A
.

Y (A) = M‖η − Aξ‖2 = M
∑

i

(η − Aξ)2
i =

= M tr(η − Aξ)(η − Aξ)∗ = tr Σηη − tr AΣξη − tr ΣηξA
∗ + tr AΣξξA

∗.

·ÔÕáì Σηη = Mηη∗, Σηξ = Mηξ∗, Σξξ = Mξξ∗, Ð ×ÝÐÚ (∗) Þ×ÝÐçÐÕâ áÞßàïÖÕÝØÕ
(âàÐÝáßÞÝØàÞÒÐÝØÕ).

²ÐàìØàãï Y ßÞ A, ßÞÛãçØÜ δY = Y (A + δA)− Y (A) =

= − tr δAΣξη − tr ΣηξδA
∗ + tr δAΣξξA

∗ + tr AΣξξδA
∗ = 0.

¾âáîÔÐ, ãçØâëÒÐï, çâÞ tr Q∗ = tr Q, ØÜÕÕÜ tr(Σηξ − AΣξξ)δA = 0, ÞâÚãÔÐ Ò
áØÛã ßàÞØ×ÒÞÛìÝÞáâØ δA áÛÕÔãÕâ Σηξ = AΣξξ, âÐÚØÜ ÞÑàÐ×ÞÜ, A = ΣηξΣ

−1
ξξ Ø

η̂ = ΣηξΣ
−1
ξξ ξ. ¿àØ íâÞÜ á.Ú. ÞèØÑÚÐ (ßÞÓàÕèÝÞáâì) ÛØÝÕÙÝÞÓÞ ßàØÑÛØÖÕÝØï àÐÒ-

ÝÐ
M‖η − η̂‖2 = tr(Σηη − ΣηξΣ

−1
ξξ Σξη)

Ø M‖η −Mη‖2 = tr Σηη � ÐßàØÞàÝÐï ßÞÓàÕèÝÞáâì.
¿ÞáÛÕÔÞÒÐâÕÛìÝÞáâØ áÛãçÐÙÝëå ÒÕÛØçØÝ. ÁåÞÔØÜÞáâì. ²ØÔë áåÞÔØÜÞ-»ÕÚæ. 7

áâØ.
ÁåÞÔØÜÞáâì ßÞáÛÕÔÞÒÐâÕÛìÝÞáâÕÙ áÛãçÐÙÝëå ÒÕÛØçØÝ âàÕÑãÕâ ãâÞçÝÕÝØï.

½ÐçÝÕÜ á ÝÐØÑÞÛÕÕ çÐáâÞ ØáßÞÛì×ãÕÜëå âØßÞÒ.
¾ßàÕÔÕÛÕÝØÕ áåÞÔØÜÞáâØ ßÞ ÒÕàÞïâÝÞáâØ. ³ÞÒÞàïâ, çâÞ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì

áÛãçÐÙÝëå ÒÕÛØçØÝ {ξn} áåÞÔØâáï Ú áÛãçÐÙÝÞÙ ÒÕÛØçØÝÕ ξ ßÞ ÒÕàÞïâÝÞáâØ, ÕáÛØ
∀ε > 0: lim

n→∞
P{|ξ − ξn| > ε} = 0, ßàØ íâÞÜ ØÝÞÓÔÐ ßØèãâ ξn

P−→
n→∞

ξ.
·ÐÚÞÝ ÑÞÛìèØå çØáÕÛ Ò äÞàÜÕ ÇÕÑëèñÒÐ.
¿ãáâì ξi ßÞßÐàÝÞ ÝÕ×ÐÒØáØÜë, ßàØçÕÜ Dξn < C (ÞÓàÐÝØçÕÝë Ò áÞÒÞÚãßÝÞ-

áâØ). ÂÞÓÔÐ

ηn =
1

n

n∑
i

(ξ −Mξi)
P−→

n→∞
0.

´ÞÚÐ×ÐâÕÛìáâÒÞ. Dηn =
PDξi

n2 < C
n

.
¸× ÝÕàÐÒÕÝáâÒÐ ÇÕÑëèñÒÐ áÛÕÔãÕâ

P{|ηn| > ε} 6 Dηn

ε2
<

C

nε2
−→
n→∞

0.

ÁÛÕÔáâÒØï.
1. ¿ãáâì Mξk = µ, Dξn < C. ÂÞÓÔÐ 1

n

∞∑
i=1

ξi
P−→

n→∞
µ.
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2. ¿ãáâì ξi � çØáÛÞ ãáßÕåÞÒ ßàØ ÞÔÝÞÜ ØáßëâÐÝØØ Ò áåÕÜÕ ±ÕàÝãÛÛØ. ÂÞÓÔÐ
Mξi = p, Dξi = pq Ø

1

n

∞∑
i=1

ξi
P−→

n→∞
p.

3. ÂÕÞàÕÜÐ ¼ÐàÚÞÒÐ. ¿ãáâì Mξn = µ. ÁÝØÜÕÜ ãáÛÞÒØÕ ÝÕ×ÐÒØáØÜÞáâØ, ÝÞ ßÞ-
âàÕÑãÕÜ, çâÞÑë D 1

n

n∑
i=1

ξi → 0. ÂÞÓÔÐ Ø× ÝÕàÐÒÕÝáâÒÐ ÇÕÑëèñÒÐ ßÞÛãçÐÕÜ ÝÕßÞ-
áàÕÔáâÒÕÝÝÞ

1

n

n∑
i=1

ξi
P−→

n→∞
1

n

n∑
i=1

Mξi = µ.

ÅÐàÐÚâÕàØáâØçÕáÚØÕ äãÝÚæØØ.
¾ßàÕÔÕÛÕÝØÕ. ÅÐàÐÚâÕàØáâØçÕáÚÞÙ äãÝÚæØÕÙ ÝÐ×ëÒÐÕâáï

fξ(t) = Meiξt,

ßàØçÕÜ íâÞâ ÜÞÜÕÝâ áãéÕáâÒãÕâ ÒáÕÓÔÐ, âÐÚ ÚÐÚ |eiξt| = 1.
¿àØÜÕàë.
ÀÐáßàÕÔÕÛÕÝØÕ ¿ãÐááÞÝÐ:

fξ(t) = Meiξt = e−λ

∞∑

k=0

eiktλk

n!
= eλ(eit−1).

½ÞàÜÐÛìÝÞÕ àÐáßàÕÔÕÛÕÝØÕ:

fξ(t) = Meiξt =
1√
2π

∞∫

−∞

eixte−
x2

2 dx = e−
t2

2 .

¸× ÞçÕÒØÔÝëå áÒÞÙáâÒ ÞâÜÕâØÜ áÛÕÔãîéØÕ: f(0) = 1, |f(t)| 6 1, çÕâÝÞáâì Ø
ÒÕéÕáâÒÕÝÝÞáâì f(t) íÚÒØÒÐÛÕÝâÝë Ø Ò íâÞÜ áÛãçÐÕ f(t) = M cos(ξt). ÁÛÕÔãîéØÕ
áÒÞÙáâÒÐ áäÞàÜãÛØàÞÒÐÝë Ò ÒØÔÕ âÕÞàÕÜ.

ÂÕÞàÕÜÐ 1. fσξ+µ(t) = eiµtMeiξσt.
ÂÕÞàÕÜÐ 2. ¿ãáâì ξi, i = 1, 2, . . . ÝÕ×ÐÒØáØÜë Ò áÞÒÞÚãßÝÞáâØ. ÂÞÓÔÐ

fξ1+ξ2+···+ξn(t) = fξ1(t)fξ2(t) . . . fξn(t).
ÂÕÞàÕÜÐ 3. ¿ãáâì áãéÕáâÒãÕâ ÜÞÜÕÝâ k-ÓÞ ßÞàïÔÚÐ. ÂÞÓÔÐ áãéÕáâÒãÕâ k-ï

ßàÞØ×ÒÞÔÝÐï åÐàÐÚâÕàØáâØçÕáÚÞÙ äãÝÚæØØ f
(k)
ξ (t), ÞÝÐ àÐÒÝÞÜÕàÝÞ ÝÕßàÕàëÒÝÐ

ÝÐ −∞,∞ Ø ØÜÕÕâ ÜÕáâÞ àÐÒÕÝáâÒÞ

f
(k)
ξ (0) = ikMξk. (5)

¿ÕàÒÞÕ Ø âàÕâìÕ áÒÞÙáâÒÐ ÞçÕÒØÔÝë, ÒâÞàÞÕ ÔÞÚÐ×ëÒÐÕâáï æÕßÞçÚÞÙ àÐÒÕÝáâÒ
(ÝÕàÐÒÕÝáâÒ):

|f (k)
ξ (t + h)− f

(k)
ξ (t)| 6

A∫

−A

|x|k|eixh − 1|p(x)dx + 2

∫

|x|>A

|x|kp(x)dx. (6)
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²ëÑÕàÕÜ A > 0 âÐÚ, çâÞÑë ÒâÞàÞÕ áÛÐÓÐÕÜÞÕ ÑëÛÞ ÜÕÝÕÕ ε/2 (áÛÕÔáâÒØÕ áåÞÔØ-
ÜÞáâØ M|ξ|k). ·ÐÜÕâØÜ, çâÞ

|eixh − 1| = |
xh∫

0

eiαdα| 6 |xh| 6 A|h|.

²ëÑàÐÒ âÕßÕàì |h| 6 ε

2AM|ξ|k , Üë ßÞÛãçÐÕÜ |f (k)
ξ (t + h)− f

(k)
ξ (t)| 6 ε ÝÕ×ÐÒØáØÜÞ

Þâ t.
ÂÕÞàÕÜÐ 4. ±Õ× ÔÞÚÐ×ÐâÕÛìáâÒÐ.
µáÛØ å.ä. fξ(t) ÐÑáÞÛîâÝÞ ØÝâÕÓàØàãÕÜÐ ÝÐ R1, âÞ áÛ. ÒÕÛØçØÝÐ ξ ÝÕßàÕàëÒÝÐ,

Ð ÕÕ ßÛÞâÝÞáâì ÒÕàÞïâÝÞáâØ àÐÒÝÐ

p(x) =
1

2π

∞∫

−∞

e−ixtfξ(t)dt (7)

Ø àÐÒÝÞÜÕàÝÞ ÝÕßàÕàëÒÝÐ ÝÐ R1.
(¿Þ áãéÕáâÒã � íâÞ âÕÞàÕÜÐ ÞÑ ÞÑàÐâÝÞÜ ÄãàìÕ-ßàÕÞÑàÐ×ÞÒÐÝØØ.)
ÂÕÞàÕÜÐ 5. ÂÕÞàÕÜÐ ÝÕßàÕàëÒÝÞáâØ ÔÛï åÐàÐÚâÕàØáâØçÕáÚØå äãÝÚæØÙ.

±Õ× ÔÞÚÐ×ÐâÕÛìáâÒÐ
¿ãáâì ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì {fξn(t)} å.ä. áÛãçÐÙÝëå ÒÕÛØçØÝ áåÞÔØâáï ßàØ

n → ∞ Ú å.ä. fξ(t) áÛãçÐÙÝÞÙ ÒÕÛØçØÝë ξ àÐÒÝÞÜÕàÝÞ ßÞ t Ò ÚÐÖÔÞÜ ÚÞÝÕçÝÞÜ
ØÝâÕàÒÐÛÕ |t| 6 T . ÂÞÓÔÐ ßàØ n →∞

lim
n→∞

Fξn(x) = Fξ(x) (8)

Ò âÞçÚÐå ÝÕßàÕàëÒÝÞáâØ Fξ(x), Ð ÕáÛØ ßÞáÛÕÔÝïï ÝÕßàÕàëÒÝÐ, âÞ àÐÒÝÞÜÕàÝÞ ßÞ
x ∈ R1.

(¾ßàÕÔÕÛÕÝØÕ). µáÛØ lim
n→∞

Fξn(x) = Fξ(x), âÞ ÓÞÒÞàïâ, çâÞ ßÞáÛÕÔÞÒÐ-
âÕÛìÝÞáâì áÛ. ÒÕÛØçØÝ ξn áåÞÔØâáï Ú áÛãçÐÙÝÞÙ ÒÕÛØçØÝÕ ξ ßÞ àÐáßàÕÔÕÛÕÝØî,
ξn

d−→
n→∞

ξ.
ÁÛÕÔáâÒØÕ. µáÛØ ã ÔÒãå áÛ. ÒÕÛØçØÝ áÞÒßÐÔÐîâ å.ä., âÞ áÞÒßÐÔÐîâ Ø ×ÐÚÞÝë

àÐáßàÕÔÕÛÕÝØï (äãÚæØØ àÐáßàÕÔÕÛÕÝØï).
ÆÕÝâàÐÛìÝÐï ßàÕÔÕÛìÝÐï âÕÞàÕÜÐ (Æ¿Â).
¿ãáâì {ξn}� ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì ÞÔØÝÐÚÞÒÞ àÐáßàÕÔÕÛÕÝÝëå, ÝÕ×ÐÒØáØÜëå

Ò áÞÒÞÚãßÝÞáâØ áÛ. ÒÕÛØçØÝ, Mξn = µ, Dξn = σ2. ÂÞÓÔÐ

ηn =

n∑
i=1

(ξi − µ)

σ
√

n

d−→
n→∞

η ∼ N(0, 1), (9)

â.Õ., P{ηn < x} ≈ Φ(x) = 1√
2π

x∫
−∞

exp(− s2

2
)ds.
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´ÞÚÐ×ÐâÕÛìáâÒÞ.
¿ãáâì ϕ(t) � å.ä. áÛ. ÒÕÛØçØÝë ξi − µ. ÂÞÓÔÐ

fηn(t) =

[
ϕ

(
t

σ
√

n

)]n

=

[
ϕ(0) +

t

σ
√

n
ϕ′(0) +

t2

2σ2n
ϕ′′(0) + o

(
1

n

)]n

=

=

[
1 + 0− t2

2n
+ o

(
1

n

)]n

−→
n→∞

e−
t2

2

� å.ä. ÝÞàÜÐÛìÝÞÓÞ àÐáßàÕÔÕÛÕÝØï. ´ÐÛÕÕ ÒÞáßÞÛì×ãÕÜáï âÕÞàÕÜÞÙ ÝÕßàÕàëÒ-
ÝÞáâØ ÔÛï åÐàÐÚâÕàØáâØçÕáÚØå äãÝÚæØÙ.

ÁÛÕÔáâÒØÕ. ÂÕÞàÕÜÐ ¼ãÐÒàÐ-»ÐßÛÐáÐ. ÀÐááÜÞâàØÜ áåÕÜã ±ÕàÝãÛÛØ, ÓÔÕ
m � çØáÛÞ ãáßÕåÞÒ Ø n → ∞ ßàØ äØÚáØàÒÐÝÝëå 0 < p < 1 Ø 0 < p < 1. ÂÞÓÔÐ
áßàÐÒÕÔÛØÒÞ

P

{
a 6 m− np√

npq
< b

}
≈ Φ(b)− Φ(a).

ÆÕÝâàÐÛìÝëÕ ßàÕÔÕÛìÝëÕ âÕÞàÕÜë ÔÛï ÝÕÞÔØÝÐÚÞÒÞ àÐáßàÕÔÕÛÕÝÝëå áÛãçÐÙÝëå ÒÕ-
ÛØçØÝ. ¾Ñ×Þà, ÑÕ× ÔÞÚÐ×ÐâÕÛìáâÒ.

¿ãáâì áÛ. ÒÕÛØçØÝë {ξk} ÝÕ×ÐÒØáØÜë, áãéÕáâÒãîâ ÜÞÜÕÝâë 1 Ø 2 ßÞàïÔÚÐ Mξk = µk Ø
Dξk = σ2

k

ÂÕÞàÕÜÐ °.¼.»ïßãÝÞÒÐ. ¿ãáâì ÔÛï ÝÕÚÞâÞàÞÓÞ δ > 0 áãéÕáâÒãîâ c2+δ
k = M|ξk − µk|2+δ.

¾ÑÞ×ÝÐçØÜ C2+δ
n =

n∑
k=1

c2+δ
k , B2

n =
n∑

k=1

σ2
k. µáÛØ C2+δ

n

B2+δ
n

−→
n→∞

0 (ãáÛÞÒØÕ »ïßãÝÞÒÐ), âÞ

P{ηn < x} −→
n→∞

Φ(x).
·ÐÜÕçÐÝØÕ 1. ÃáÛÞÒØÕ »ïßãÝÞÒÐ ÝÕ ïÒÛïÕâáï ÝÕÞÑåÞÔØÜëÜ, ÞÔÝÐÚÞ ÕÓÞ ßàÐÚâØçÕáÚØ ÛÕÓçÕ

ßàÞÒÕàïâì Ø ÔÞÚÐ×ëÒÐâì âÕÞàÕÜã, ÞáÞÑÕÝÝÞ ßàØ13 δ = 1.
·ÐÜÕçÐÝØÕ 2. µéÕ ÑÞÛÕÕ áÛÐÑëÜ ïÒÛïÕâáï ãáÛÞÒØÕ »ØÝÔÕÑÕàÓÐ, ÚÞâÞàëÜ ÜÞÖÝÞ ×ÐÜÕÝØâì

ãáÛÞÒØÕ »ïßãÝÞÒÐ: ÔÛï ÒáïÚÞÓÞ τ > 0

1
B2

n

n∑

k=1

∫

|x−µk|>τBn

(x− µk)2dFk(x) −→
n→∞

0,

ÝÞ Ø ÞÝÞ ÝÕ ïÒÛïÕâáï ÝÕÞÑåÞÔØÜëÜ, â.Õ. áãéÕáâÒãîâ àÐáßàÕÔÕÛÕÝØï, ÚÞâÞàëÕ ÕÜã ÝÕ ãÔÞÒÛÕâÒÞ-
àïîâ, ÝÞ áåÞÔØÜÞáâì Ú ÝÞàÜÐÛìÝÞÜã ×ÐÚÞÝã ØÜÕÕâ ÜÕáâÞ. ¾ÔÝÐÚÞ, ÕáÛØ ÔÞÑÐÒØâì âàÕÑÞÒÐÝØÕ ßàÕ-
ÝÕÑàÕÖØÜÞÙ (ÐáØÜßâÞâØçÕáÚÞÙ) ÜÐÛÞáâØ ÒÕÛØçØÝ ζk = ξk−Mξk

Bn
,

max
16k6n

P{|ζk| > ε} −→
n→∞

0,

âÞ ãáÛÞÒØÕ »ØÝÔÕÑÕàÓÐ áâÐÝÞÒØâáï ÝÕÞÑåÞÔØÜëÜ.

13ÁÜ. ÔÞÚÐ×ÐâÕÛìáâÒÞ Ò ãçÕÑÝØÚÕ ¿ëâìÕÒÐ, ÈØèÜÐàÕÒÐ, áâà. 128.
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¿ÕàÕçØáÛØÜ ÒØÔë áåÞÔØÜÞáâØ áÛãçÐÙÝëå ÒÕÛØçØÝ.»ÕÚæ. 8
1. ÁàÕÔÝÕÚÒÐÔàÐâØçÝÐï lim

n→∞
M|ξn − ξ|2 = 0 ØÛØ ξn

á.Ú.−→
n→∞

ξ ØÛØ l.i.m.
n→∞

ξn = ξ.
2. Á ÒÕàÞïâÝÞáâìî 1, ßÞçâØ ÝÐÒÕàÝÞÕ, ßÞ ÜÞÔãÛî P (modP ) 14:

P{ω : lim
n→∞

{ξn(ω) = ξ(ω)} = 1 ØÛØ ξn
ß.Ý.−→
n→∞

ξ.

3. ¿Þ ÒÕàÞïâÝÞáâØ ∀ε > 0: lim
n→∞

P{|ξ − ξn| > ε} = 0 ØÛØ ξn
P−→

n→∞
ξ.

4. ¿Þ àÐáßàÕÔÕÛÕÝØî (�áÛÐÑÐï�) Fξn(x) → Fξ(x) ØÛØ ξn
d−→

n→∞
ξ.

¾âÝÞèÕÝØï ÜÕÖÔã ÒØÔÐÜØ áåÞÔØÜÞáâØ.
ξn

á.Ú.−→
n→∞

ξ

ξn
P−→

n→∞
ξ =⇒ ξn

d−→
n→∞

ξ.

ξn
ß.Ý.−→
n→∞

ξ

@@@@

¡¡¡¡

´àãÓØå ÞâÝÞèÕÝØÙ ÑÕ× ÔÞßÞÛÝØâÕÛìÝëå ãáÛÞÒØÙ ÝÕ áãéÕáâÒãÕâ.
½ÐßÞÜÝØÜ, çâÞ àÕçì ÒáîÔã ØÔÕâ Þ áÛãçÐÙÝëå ÒÕÛØçØÝÐå ξn(ω), ×ÐÒØáïéØå Þâ

íÛÕÜÕÝâÐàÝÞÓÞ ØáåÞÔÐ ω ∈ Ω. ¿àØ ÚÐÖÔÞÜ íÛÕÜÕÝâÐàÝÞÜ ØáåÞÔÕ Üë ßÞÛãçÐÕÜ
çØáÛÞÒãî ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì, ÝÐ×ÒÐÕÜãî ÒëÑÞàÞçÝÞÙ.

µáÛØ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì {ξn} áåÞÔØâáï Ò á.Ú., ßÞ ÒÕàÞïâÝÞáâØ ØÛØ ßÞ àÐá-
ßàÕÔÕÛÕÝØî, âÞ ÜÞÖÕâ âÐÚ áÛãçØâìáï, çâÞ áÞÞâÒÕâáâÒãîéØÕ ÒëÑÞàÞçÝëÕ ßÞáÛÕ-
ÔÞÒÐâÕÛìÝÞáâØ ÝÕ ÑãÔãâ áåÞÔØâìáï ÝØ ßàØ ÚÐÚÞÜ ω ∈ Ω.

¾ÔÝÐÚÞ, ÕáÛØ ξn
P→ ξ, âÞ áãéÕáâÒãÕâ ßÞÔßÞáÛÕÔÞÒÐâÕÛìÝÞáâì {ξnk

} ßÞáÛÕÔÞ-
ÒÐâÕÛìÝÞáâØ {ξn}, áåÞÔïéÐïáï Ú ξ á ÒÕàÞïâÝÞáâìî ÕÔØÝØæÐ.

ÁÒï×ì ÜÕÖÔã áåÞÔØÜÞáâìî ßÞ ÒÕàÞïâÝÞáâØ Ø á ÒÕàÞïâÝÞáâìî ÕÔØÝØæÐ. ¿ÞÚÐÖÕÜ, çâÞ Ø× áåÞ-
ÔØÜÞáâØ á ÒÕàÞïâÝÞáâìî ÕÔØÝØæÐ áÛÕÔãÕâ áåÞÔØÜÞáâì ßÞ ÒÕàÞïâÝÞáâØ. ´ÕÙáâÒØâÕÛìÝÞ, ßãáâì
Ak = {|ξk − ξ| > ε}, ε > 0. ÁåÞÔØÜÞáâì á ÒÕàÞïâÝÞáâìî ÕÔØÝØæÐ íÚÒØÒÐÛÕÝâÝÐ àÐÒÕÝ-
áâÒã P (

∞⋂
n=1

⋃
k>n

Ak) = 0, â.Õ. lim
n→∞

P (
⋃

k>n

Ak) = 0. ½Þ P (
⋃

k>n

Ak) > P (An), áÛÕÔÞÒÐâÕÛìÝÞ,

lim
n→∞

P (An) = 0.

¾ÔÝÐÚÞ, ÕáÛØ ξ = const á ÒÕàÞïâÝÞáâìî ÕÔØÝØæÐ, âÞ ξn
P→ ξ ⇔ ξn

d→ ξ Ø, Ò çÐáâÝÞáâØ,
ξn − ξ

P→ 0 ⇔ ξn − ξ
d→ 0

¿ÞíâÞÜã ξn
d→ ξ, ξn − ξ

d→ 0 � àÐ×ÝëÕ áåÞÔØÜÞáâØ.
µáÛØ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì {ξn} á.Ú. áåÞÔØâáï Ú ξ "ÔÞáâÐâÞçÝÞ ÑëáâàÞ", âÐÚ çâÞ

∞∑
k=1

M|ξk − ξ|2 < ∞, âÞ ÞÝÐ áåÞÔØâáï Ú ξ Ø ßÞçâØ ÝÐÒÕàÝÞÕ: ξn
á.Ú.→ ξ,

∞∑
k=1

M|ξk − ξ|2 < ∞ ⇒

ξn
ß.Ý.→ ξ.
ºàÞÜÕ âÞÓÞ, ξn

á.Ú.→ ξ ⇔ ξn
P→ ξ Ø Mξ2

n → Mξ2 (»ÞíÒ).

14·ÐÜÕâØÜ, çâÞ ÜÝÞÖÕáâÒÞ A âÕå ω ∈ Ω, ÔÛï ÚÞâÞàëå áãéÕáâÒãÕâ lim
n→∞

ξn ÔÕÙáâÒØâÕÛìÝÞ ïÒÛï-

Õâáï áÞÑëâØÕÜ, âÐÚ ÚÐÚ ÕÓÞ ÜÞÖÝÞ ßàÕÔáâÐÒØâì Ò ÒØÔÕ A =
∞⋂

k=1

∞⋃
n=1

⋂
m1,m2>n

{ω : |ξm1−ξm2 | < 1
k}.

A � ÜÝÞÖÕáâÒÞ ω, ãÔÞÒÛÕâÒÞàïîéÕÕ ãáÛÞÒØïÜ: ÔÛï ∀k = 1, 2, . . . ∃n > 1, âÐÚÞÕ, çâÞ
∀m1,m2 > n : |ξm1(ω)− ξm2(ω)| < 1

k .
² ÚÐÖÔÞÙ âÞçÚÕ ω ∈ A ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì {ξn} äãÝÔÐÜÕÝâÐÛìÝÐ Ø, áÛÕÔÞÒÐâÕÛìÝÞ, áåÞÔØâ-

áï. ¸×ÜÕàØÜÞáâì A áÛÕÔãÕâ Ø× ÕÓÞ ßàÕÔáâÐÒÛÕÝØï, Ð Ò áÛãçÐÕ áåÞÔØÜÞáâØ {ξn} ßÞçâØ ÝÐÒÕàÝÞÕ
P (A) = 1.
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´Ûï ÔÞÚÐ×ÐâÕÛìáâÒÐ âÞÓÞ, çâÞ Ø× áåÞÔØÜÞáâØ ßÞ ÒÕàÞïâÝÞáâØ áÛÕÔãÕâ áåÞÔØÜÞáâì ßÞ àÐá-
ßàÕÔÕÛÕÝØî, ãâÞçÝØÜ ÕéÕ ßÞÝïâØÕ "áÛÐÑÞÙ"áåÞÔØÜÞáâØ: ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì áÛãçÐÙÝëå ÒÕÛØ-
çØÝ {ξn} áåÞÔØâáï Ú áÛãçÐÙÝÞÙ ÒÕÛØçØÝÕ ξ, ÕáÛØ ÔÛï ÛîÑÞÙ ÞÓàÐÝØçÕÝÝÞÙ ÝÕßàÕàëÒÝÞÙ äãÝÚæØØ
f(x) lim

n→∞
Mf(ξn) = Mf(ξ).

²ëÑÕàÕÜ Ò ÚÐçÕáâÒÕ f(x) ÝÕßàÕàëÒÝãî äãÝÚæØî gε(t), ÚÞâÞàÐï àÐÒÝÐ 1 ßàØ t 6 x, 0 ßàØ
t > x + ε Ø ÛØÝÕÙÝÐ ßàØ x ∈ (x, x + ε).

¸× ÔÒãå ÝÕàÐÒÕÝáâÒ
Fn(x) =

x∫
−∞

gεdFn(x) 6
∞∫
−∞

gεdFn(x) Ø
∞∫
−∞

gεdF (x) 6 F (x + ε) áÛÕÔãÕâ, çâÞ

lim
n→∞

supFn(x) 6 F (x + ε).
°ÝÐÛÞÓØçÝÞ ÜÞÖÝÞ ßÞÛãçØâì lim

n→∞
inf Fn(x) > F (x− ε).

¾ÑêÕÔØÝïï ßÞáÛÕÔÝØÕ ÔÒÐ ÝÕàÐÒÕÝáâÒÐ, ßÞÛãçØÜ

F (x− ε) 6 lim
n→∞

inf Fn(x) 6 lim
n→∞

sup Fn(x) 6 F (x + ε),

ÞâÚãÔÐ Ò áØÛã ßàÞØ×ÒÞÛìÝÞáâØ ε áÛÕÔãÕâ Fn(x) → F (x), n →∞ Ò âÞçÚÐå ÝÕßàÕàëÒÝÞáâØ x.
½ÐÚÞÝÕæ, Ø× ξn

P−→
n→∞

ξ áÛÕÔãÕâ, çâÞ

lim
n→∞

Mf(ξn) = Mf(ξ). (10)

´ÕÙáâÒØâÕÛìÝÞ, ßãáâì |f(x)| 6 c, ε > 0 Ø N âÐÚÞÒÞ, çâÞ P (|ξ| > N) 6 ε/4c. ²ëÑÕàÕÜ δ
âÐÚØÜ, çâÞÑë ÔÛï ÒáÕå |x| 6 N Ø |x− y| 6 δ ÑëÛÞ ÒëßÞÛÝÕÝÞ ÝÕàÐÒÕÝáâÒÞ |f(x)− f(y)| 6 ε/4c.
ÂÞÓÔÐ

M|f(ξn)− f(ξ)| = M(|f(ξn)− f(ξ)|; |ξn − ξ| 6 δ, |ξ| 6 N)+
+M|f(ξn)− f(ξ)| = M(|f(ξn)− f(ξ)|; |ξn − ξ| 6 δ, |ξ| > N)

+M|f(ξn)− f(ξ)| = M(|f(ξn)− f(ξ)|; |ξn − ξ| > δ) 6
6 ε/2 + ε/2 + 2cP (|ξn − ξ| > δ).

´Ûï ÔÞáâÐâÞçÝÞ ÑÞÛìèØå n ßÞáÛÕÔÝÕÕ áÛÐÓÐÕÜÞÕ ÜÞÖÕâ Ñëâì áÔÕÛÐÝÞ ÜÕÝÕÕ ε, çâÞ Ò áØÛã
ßàÞØ×ÒÞÛìÝÞáâØ ε ÔÞÚÐ×ëÒÐÕâ (10).

·ÐÚÞÝ ÑÞÛìèØå çØáÕÛ ÜÞÖÕâ ßÞÝØÜÐâìáï Ø Ò áÜëáÛÕ áåÞÔØÜÞáâØ ßÞçâØ ÝÐ-
ÒÕàÝÞÕ ("ÃáØÛÕÝÝëÙ ·±Ç"). ÀÐ×ÛØçÝëÕ ÕÓÞ ÒÐàØÐÝâë Ø×ÛÞÖÕÝë Ò Ø×ïéÝëå âÕÞ-
àÕÜÐå, ÞÔÝÐÚÞ ÞÝ ÜÐÛÞ ØÝâÕàÕáÕÝ á ßàØÚÛÐÔÝÞÙ âÞçÚØ ×àÕÝØï.

² Æ¿Â Üë ßÞÚÐ×ÐÛØ áåÞÔØÜÞáâì ηn ÛØèì ßÞ àÐáßàÕÔÕÛÕÝØî. º áÞÖÐÛÕÝØî,
ÝØÚÐÚÐï ÔàãÓÐï áåÞÔØÜÞáâì ÝÕ ØÜÕÕâ ÜÕáâÐ: ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì ηn ÝÕ áåÞÔØâ-
áï ÝØ Ú ÚÐÚÞÙ áÛ. ÒÕÛØçØÝÕ ßÞ ÒÕàÞïâÝÞáâØ, Ð áÛÕÔÞÒÐâÕÛìÝÞ Ø á ÒÕàÞïâÝÞáâìî
ÕÔØÝØæÐ Ø Ò áàÕÔÝÕÜ ÚÒÐÔàÐâØçÝÞÜ. ¼ÞÖÝÞ ßÞÚÐ×Ðâì, çâÞ áåÞÔØÜÞáâì ηn

P→ η, Ð
áÛÕÔÞÒÐâÕÛìÝÞ, Ø áåÞÔØÜÞáâØ ηn

á.Ú.→ η Ø ηn
ß.Ý.→ η ÝÕ ØÜÕîâ ÜÕáâÐ.
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ÆÕßØ ¼ÐàÚÞÒÐ.
ÀÐááÜÞâàØÜ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì ØáßëâÐÝØÙ, ÓÔÕ íÛÕÜÕÝâÐàÝëÜ áÞÑëâØ-

ÕÜ ïÒÛïÕâáï æÕßÞçÚÐ ωi1ωi2 ...ωin . ÁÞÓÛÐáÝÞ âÕÞàÕÜÕ ãÜÝÞÖÕÝØï ÒÕàÞïâÝÞáâÕÙ,
P (ωi1ωi2 ...ωin) = P (ωin | ωi1 ...ωin−1)...p(ωi1). ¿ãáâì ßÞáÛÕÔÞÒÐâÕÛìÝëÕ ØáßëâÐ-
ÝØï "ÜØÝØÜÐÛìÝÞ"×ÐÒØáØÜë: P (ωis | ωi1 ...ωis−1) = P (ωis | ωis−1) Ø ÝÕ ×ÐÒØáØâ Þâ
s, âÞ Õáâì P (ωj | ωi) = pij . ¿ãáâì Ø×ÒÕáâÝÞ ÝÐçÐÛìÝÞÕ àÐáßàÕÔÕÛÕÝØÕ ÒÕàÞïâÝÞ-
áâÕÙ P (ωi) = ai. ÂÞÓÔÐ

P (ωi1ωi2 ...ωin) = ai1pi1i2 ...pin−1in . (11)

¾ßàÕÔÕÛÕÝØÕ. ¿ãáâì ×ÐÔÐÝÞ ÒÕàÞïâÝÞáâÝÞÕ ßàÞáâàÐÝáâÒÞ á ÚÞÝÕçÝëÜ ÝÐÑÞ-
àÞÜ íÛÕÜÕÝâÐàÝëå áÞÑëâØÙ {ωi}, i = 1, ..., N . ºÞÝÕçÝÞÙ ÞÔÝÞàÞÔÝÞÙ æÕßìî ¼Ðà-
ÚÞÒÐ ÝÐ×ëÒÐÕâáï ÒÕàÞïâÝÞáâÝÞÕ ßàÞáâàÐÝáâÒÞ, Ò ÚÞâÞàÞÜ Ωn =

n× Ω, Fn =
n× F, Ð

ÒÕàÞïâÝÞáâì Pn(ωi1ωi2 ...ωin) ÞßàÕÔÕÛïÕâáï äÞàÜãÛÞÙ (11).
´Ûï ÒëçØáÛÕÝØï (11), Ò çÐáâÝÞáâØ, ÔÞÛÖÝë Ñëâì ×ÐÔÐÝë ßÕàÕåÞÔÝëÕ ÒÕàÞïâ-

ÝÞáâØ pij ØÛØ ßÕàÕåÞÔÝÐï ÜÐâàØæÐ

π =




p11 p12 . . . p1N

p21 p22 . . . p2N

. . . . . . . . . . . . . . . . . . . .
pN1 pN2 . . . pNN




ÍâÞ âÐÚ ÝÐ×. áâÞåÐáâØçÕáÚÐï ÜÐâàØæÐ (
∑
j

pij = 1). ¾âáîÔÐ áÛÕÔãÕâ ÚÞààÕÚâ-

ÝÞáâì ×ÐÔÐÝØï (11) � áãÜÜÐ ßÞ ÒáÕÜ ØÝÔÕÚáÐÜ àÐÒÝÐ 1. (¿àÞÒÕàØâì!) ¼ÐàÚÞÒ-
áÚãî æÕßì ÜÞÖÝÞ ØÝâÕàßàÕâØàÞÒÐâì ÚÐÚ ÜÞÔÕÛì áØáâÕÜë á N áÞáâÞïÝØïÜØ Ø ÒÕ-
àÞïâÝÞáâïÜØ ßÕàÕåÞÔÐ pij Ø× i-ÓÞ Ò j-Õ áÞáâÞïÝØÕ.

¿àØÜÕàë: áÛãçÐÙÝÞÕ ÔØáÚàÕâÝÞÕ ÑÛãÖÔÐÝØÕ ßÞ ßàïÜÞÙ.
ÇÐáâÝëÙ áÛãçÐÙ � ÝÕ×ÐÒØáØÜëÕ ØáßëâÐÝØï (pij = pj).
·ÐÜÕçÐÝØÕ. ´Ûï ßàÐÚâØÚØ ãÔÞÑÕÝ áÛÕÔãîéØÙ ÚàØâÕàØÙ �¼ÐàÚÞÒÞáâØ�.
¾ÑÞ×ÝÐçØÜ ÑãÚÒÐÜØ ¿, ½ Ø ± � áÞÑëâØï: ßàÞèÛÞÕ, ÝÐáâÞïéÕÕ Ø ÑãÔãéÕÕ.

ÂÞÓÔÐ P (¿±|½) = P (¿|½)P (±|½) � ßàØ äØÚáØàÞÒÐÝÝÞÜ ÝÐáâÞïéÕÜ ßàÞèÛÞÕ
Ø ÑãÔãéÕÕ ÝÕ×ÐÒØáØÜë. ´ÞÚÐ×ÐâÕÛìáâÒÞ áÛÕÔãÕâ Ø× àÐÒÕÝáâÒ

P (¿½±) = P (¿±|½)P (½) = P (±|¿½)P (¿|½)P (½) =

= P (±|½)P (¿|½)P (½).

(´ÞÚÐÖØâÕ áÐÜÞáâÞïâÕÛìÝÞ ÝÕÞÑåÞÔØÜÞáâì Ø ÔÞáâÐâÞçÝÞáâì!)
¿ÕàÕåÞÔ ×Ð n èÐÓÞÒ. ¾ÑÞ×ÝÐçØÜ çÕàÕ× p

(n)
ij ÒÕàÞïâÝÞáâì ßÕàÕåÞÔÐ Ø× i-ÓÞ

Ò j-Õ áÞáâÞïÝØÕ ×Ð n èÐÓÞÒ. »ÕÓÚÞ ßàÕÔßÞÛÞÖØâì (ÞÔÝÞàÞÔÝÞáâì!), çâÞ ÞÝÐ ÝÕ
×ÐÒØáØâ Þâ ÐÑáÞÛîâÝÞÓÞ ÝÞÜÕàÐ èÐÓÐ s.

¿àØ ßÕàÕåÞÔÕ Ø× áÞáâÞïÝØï i ÝÐ s-Ü èÐÓÕ Ò áÞáâÞïÝØÕ j ÝÐ s + n-Ü èÐÓÕ
áØáâÕÜÐ ÝÐ s + m-Ü èÐÓÕ ÜÞÖÕâ ßÞÑëÒÐâì Ò ÛîÑÞÜ áÞáâÞïÝØØ k, k = 1, . . . , N .

¾âáîÔÐ áÛÕÔãÕâ, çâÞ π(n) = πn Ø πn = πmπn−m (Ò ÔÐÝÝÞÜ áÛãçÐÕ íâÞ ßàÞáâÞ
áâÕßÕÝì ÜÐâàØæë).
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¿Þ äÞàÜãÛÕ ßÞÛÝÞÙ ÒÕàÞïâÝÞáâØ ØÜÕÕÜ

p
(n)
ij =

N∑

k=1

p
(m)
ik p

(n−m)
kj ØÛØ π(n) = π(m)π(n−m). (12)
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¾âÜÕâØÜ, çâÞ πn � âÞÖÕ áâÞåÐáâØçÕáÚÐï ÜÐâàØæÐ (´ÞÚÐ×Ðâì!).

ÍàÓÞÔØçÝÞáâì. ÀÐááÜÞâàØÜ ÐÑáÞÛîâÝãî ÒÕàÞïâÝÞáâì pn
j =

N∑
k=1

aip
(n)
ij (ÝÐ-

åÞÖÔÕÝØï áØáâÕÜë Ò áÞáâÞïÝØØ j ÝÐ n-Ü èÐÓÕ Þâ ÝÐçÐÛÐ) Ø ßàÕÔßÞÛÞÖØÜ, çâÞ15

lim
n→∞

pn
ij = pj .

ÂÞÓÔÐ lim
n→∞

pn
j = lim

n→∞

N∑
k=1

akp
n
kj =

N∑
k=1

akpj = pj � äØÝÐÛìÝÞÕ àÐáßàÕÔÕÛÕÝØÕ

ÒÕàÞïâÝÞáâÕÙ. ¸× àÐÒÕÝáâÒÐ
N∑

k=1

pn−1
i pij = pn

j ((12), m = n − 1) ßàØ n → ∞
áÛÕÔãÕâ

N∑

k=1

pipij = pj. (13)

ÍâÞ ×ÝÐçØâ, çâÞ äØÝÐÛìÝÞÕ àÐáßàÕÔÕÛÕÝØÕ áâÐæØÞÝÐàÝÞ (ØÝÒÐàØÐÝâÝÞ) â.Õ.
ïÒÛïÕâáï ÕÔØÝáâÒÕÝÝëÜ àÕèÕÝØÕÜ áØáâÕÜë ÐÛÓÕÑàÐØçÕáÚØå ãàÐÒÝÕÝØÙ16 á ÔÞ-
ßÞÛÝØâÕÛìÝëÜØ ãáÛÞÒØïÜØ pj > 0 Ø

N∑
i=1

pi = 1.

µáÛØ ßàØ íâÞÜ pj > 0, j = 1, . . . , N , âÞ ÓÞÒÞàïâ, çâÞ ¼ÐàÚÞÒáÚÐï æÕßì (áØáâÕ-
ÜÐ) íàÓÞÔØçÝÐ. ² íâÞÜ áÛãçÐÕ ÑÕ×ãáÛÞÒÝëÕ (ÐÑáÞÛîâÝëÕ) ÒÕàÞïâÝÞáâØ p

(n)
j áâàÕ-

Üïâáï Ú pj ÝÕ×ÐÒØáØÜÞ Þâ ÝÐçÐÛìÝÞÓÞ àÐáßàÕÔÕÛÕÝØï, Ð áØáâÕÜÐ (13) ßàØ ãÚÐ×ÐÝ-
Ýëå ãáÛÞÒØïå ØÜÕÕâ ÕÔØÝáâÒÕÝÝÞÕ àÕèÕÝØÕ.

¿ÞÛÕ×ÝÐ áÛÕÔãîéÐï âÕÞàÕÜÐ ÔÛï ÚÞÝÕçÝëå ÜÐàÚÞÒáÚØå æÕßÕÙ:
ÂÕÞàÕÜÐ ¼ÐàÚÞÒÐ. ¿ãáâì áãéÕáâÒãîâ æÕÛëÕ ν Ø j0, âÐÚØÕ, çâÞ

min
i

pν
ij0

= δ > 0. ÂÞÓÔÐ áãéÕáâÒãîâ çØáÛÐ pj , j = 1, . . . , N , âÐÚØÕ, çâÞ
lim

n→∞
pn

ij = pj , j = 1, . . . , N ÝÕ×ÐÒØáØÜÞ Þâ i.
´ÞÚÐ×ÐâÕÛìáâÒÞ. ¾ÑÞ×ÝÐçØÜ M r

j = max
i

pijr , mr
j = min

i
pijr , mr

j 6 M r
j .

15´ÐÛÕÕ ÞßãáâØÜ áÚÞÑÚØ ã ÒÕàåÝÕÓÞ ØÝÔÕÚáÐ.
16»ÕÒëÙ áÞÑáâÒÕÝÝëÙ ÒÕÚâÞà ÜÐâàØæë π, ÞâÒÕçÐîéØÙ áÞÑáâÒÕÝÝÞÜã ×ÝÐçÕÝØî, àÐÒÝÞÜã 1.
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´ÐÛÕÕ, mr+1
j = min

i

∑
k

pikp
r
ki > min

i

∑
k

pik min
k

pr
ki = mr

j . °ÝÐÛÞÓØçÝÞ,

M r+1
j 6 M r

j .
ÂÐÚØÜ ÞÑàÐ×ÞÜ, m1

j 6 m2
j 6 . . . 6 mr

j 6 . . . 6 M r
j 6 . . . 6 M2

j 6 M1
j .

¸× ÜÞÝÞâÞÝÝÞáâØ Ø ÞÓàÐÝØçÕÝÝÞáâØ áÛÕÔãÕâ, çâÞ áãéÕáâÒãîâ ßàÕÔÕÛë
lim

n→∞
Mn

j = Mj Ø lim
n→∞

mn
j = mj , ßàØçÕÜ mj 6 Mj .

ÂÕßÕàì äØÚáØàãÕÜ ÔÒÕ áâàÞÚØ ÜÐâàØæë πν á ÝÞÜÕàÐÜØ α Ø β (â.Õ. àÐááÜÞâàØÜ
pν

αk Ø pν
βk), k = 1, . . . , N .

¾ÑÞ×ÝÐçØÜ
∑+ =

∑
k: pν

αk>pν
βk

Ø
∑− =

∑
k: pν

αk<pν
βk

.

ÂÞÓÔÐ∑+ pν
αk +

∑+ pν
αk = 1,

∑+(pν
αk − pν

βk) +
∑+(pαk − pν

βk) = 0,∑+ pαk −
∑+ pβk = 1−∑− pαk −

∑+ pβk 6 1− δ.
´ÐÛÕÕ,

M ν+n
j −mν+n

j = max
α

∑

k

pν
αkp

n
kj −min

β

∑

k

pν
βkp

n
kj =

= max
α,β

∑

k

(pν
αkp

n
kj − pν

βkp
n
kj) =

= max
α,β

{∑+
(pν

αk − pν
βk)p

n
kj +

∑−
(pν

αk − pν
βk)p

n
kj

}
6

6 max
α,β

{∑+
(pν

αk − pν
βk)M

n
j +

∑−
(pν

αk − pν
βk)m

n
j

}
=

= max
α,β

{∑+
(pν

αk − pν
βk)M

n
j −

∑+
(pν

αk − pν
βk)m

n
j

}
=

= max
α,β

∑+
(pν

αk − pν
βk)(M

n
j − nn

j ) 6

6 (1− δ)(Mn
j −mn

j ).

¿ÕàÕåÞÔï Ú ßàÕÔÕÛã ßàØ n →∞, ßÞÛãçØÜ

Mj −mj 6 (1− δ)(Mj −mj),

çâÞ ÒÞ×ÜÞÖÝÞ ÛØèì ßàØ Mj = mj .
ÁÛÕÔáâÒØÕ. µáÛØ ãáÛÞÒØï âÕÞàÕÜë ¼ÐàÚÞÒÐ ãáØÛØâì, ßÞâàÕÑÞÒÐÒ ÒëßÞÛ-

ÝÕÝØï ÝÕàÐÒÕÝáâÒÐ min
ij

pν
ij = δ > 0 ÔÛï ÒáÕå j, Ð ÝÕ âÞÛìÚÞ ÔÛï j0, âÞ Ø×

pj > mν
j > δ > 0, j = 1, . . . , N áÛÕÔãÕâ íàÓÞÔØçÝÞáâì.

ÂÕÞàÕÜÐ (ÑÕ× ÔÞÚÐ×ÐâÕÛìáâÒÐ). ¿ãáâì A � ßÞÔÜÝÞÖÕáâÒÞ áÞáâÞïÝØÙ íàÓÞ-
ÔØçÕáÚÞÙ áØáâÕÜë, TA � ÒàÕÜï ÝÐåÞÖÔÕÝØï áØáâÕÜë Ò A, T � ÞÑéÕÕ ÒàÕÜï
äãÝÚæØÞÝØàÞÒÐÝØï áØáâÕÜë. ÂÞÓÔÐ

lim
T→∞

TA

T
=

∑
ωi∈A

pi.
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ÀÐáßàÕÔÕÛÕÝØÕ ÞàâÞÓÞÝÐÛìÝëå ßàÞÕÚæØÙ ÝÞàÜÐÛìÝÞÓÞ ÒÕÚâÞàÐ. ». 9
ÀÐááÜÞâàØÜ n-ÜÕàÝÞÕ ÕÒÚÛØÔÞÒÞ ßàÞáâàÐÝáâÒÞ Rn, x = (x1, . . . , xn) ∈ Rn,

(x, y) =
n∑

k=1

xkyk. ¿ãáâì ξ = (ξ1, . . . , ξn) � áÛãçÐÙÝëÙ ÒÕÚâÞà Ò íâÞÜ ßàÞáâàÐÝ-

áâÒÕ, ßàØçÕÜ ξ ∼ N(0, σ2I).
½ÐßÞÜÝØÜ, çâÞ Ò ÞÑéÕÜ áÛãçÐÕ, ÚÞÓÔÐ ξ ∼ N(0, Σ),

pξ(x) =
(det Σ−1)1/2

(2π)n/2
exp

{
−1

2
(x, Σ−1x)

}
.

µáÛØ Σ = σ2I , ÓÔÕ I � ÕÔØÝØçÝëÙ ÞßÕàÐâÞà, âÞ ÚÞÞàÔØÝÐâë ξi ÝÕ×ÐÒØáØÜë Ø

pξi
(xi) =

1√
2πσ2

exp

{
− 1

2σ2
x2

i

}
.

¾àâÞÓÞÝÐÛìÝëÙ ßàÞÕÚâÞà.
¿ãáâì L � ÛØÝÕÙÝÞÕ ßÞÔßàÞáâàÐÝáâÒÞ Rn Ø L⊥ � ÞàâÞÓÞÝÐÛìÝÞÕ ÔÞßÞÛÝÕÝØÕ

L Ò Rn, â. Õ. ÜÝÞÖÕáâÒÞ ÒÕÚâÞàÞÒ x ∈ Rn, ÞàâÞÓÞÝÐÛìÝëå ÒáÕÜ ÒÕÚâÞàÐÜ Ø× L:

L⊥ = {x ∈ Rn, (x, y) = 0, y ∈ L}.
¾çÕÒØÔÝÞ, L⊥ � âÐÚÖÕ ÛØÝÕÙÝÞÕ ßàÞáâàÐÝáâÒÞ Rn. ºÐÚ Ø×ÒÕáâÝÞ, ÒáïÚØÙ ÒÕÚâÞà
x ∈ Rn ÜÞÖÕâ Ñëâì ßàÕÔáâÐÒÛÕÝ Ò ÒØÔÕ áãÜÜë

x = x1 + x2, x1 ∈ L, x2 ∈ L⊥. (14)
ÀÐ×ÛÞÖÕÝØÕ (14) ÕÔØÝáâÒÕÝÝÞ. ´ÕÙáâÒØâÕÛìÝÞ, àÐÒÕÝáâÒÞ

x = x1 + x2 = x′1 + x′2, x′1 ∈ L, x′2 ∈ L⊥, áÞÒÜÕáâÝÞ á (14) ÒÛÕçÕâ
(x1 − x′1)

2 + (x2 − x′2)
2 = 0. ÁÛÐÓÐÕÜëÕ Ò ßÞáÛÕÔÝÕÜ àÐÒÕÝáâÒÕ ÞàâÞÓÞÝÐÛìÝë,

âÐÚ ÚÐÚ x1 − x′1 ∈ L, x2 − x′2 ∈ L⊥, ßÞíâÞÜã
(x1 − x′1)

2 + (x2 − x′2)
2 = 0, â. e. x′1 = x1, x′2 = x2. ÁÛÕÔÞÒÐâÕÛìÝÞ ÚÐÖÔÞÜã

x ∈ Rn àÐ×ÛÞÖÕÝØÕÜ (14) áâÐÒØâáï Ò áÞÞâÒÕâáâÒØÕ ÕÔØÝáâÒÕÝÝëÙ ÒÕÚâÞà x1 ∈ L:

x1 = Πx. (15)

Π ÝÐ×ëÒÐÕâáï ÞßÕàÐâÞàÞÜ ÞàâÞÓÞÝÐÛìÝÞÓÞ ßàÞÕæØàÞÒÐÝØï ÝÐ L, ØÛØ ÞàâÞÓÞ-
ÝÐÛìÝëÜ ßàÞÕÚâÞàÞÜ ÝÐ L. ¾âÜÕâØÜ áÛÕÔãîéØÕ áÒÞÙáâÒÐ ÞßÕàÐâÞàÐ Π.

1) Π � ÛØÝÕÙÝëÙ ÞßÕàÐâÞà. ´ÕÙáâÒØâÕÛìÝÞ, ßãáâì

x = x1 + x2, y = y1 + y2, x1, y1 ∈ L, x2, y2 ∈ L⊥. (16)

ÂÞÓÔÐ

αx + βy = (αx1 + βy1) + (αx2 + βy2), αx1 + βy1 ∈ L, αx2 + βy2 ∈ L⊥.

ÁÛÕÔÞÒÐâÕÛìÝÞ, áÞÓÛÐáÝÞ ÞßàÕÔÕÛÕÝØî (15)
Παx + βy = αx1 + βy1 = αΠx + βΠy.
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2) Π � áÐÜÞáÞßàïÖÕÝÝëÙ ÞßÕàÐâÞà, â.Õ. ÔÛï ÛîÑëå x, y ∈ Rn

(Πx, y) = (x, Πy). ´ÕÙáâÒØâÕÛìÝÞ, ÒÞáßÞÛì×ÞÒÐÒèØáì àÐ×ÛÞÖÕÝØÕÜ (16), ÝÐÙÔÕÜ

(Πx, y) = (x1, y) = (x1, y1) = (x, y1) = (x, Πy).

3) ¾ßÕàÐâÞà Π ãÔÞÒÛÕâÒÞàïÕâ ãàÐÒÝÕÝØî Π2 = Π (�ØÔÕÜßÞâÕÝâÝÞáâì�). ´ÕÙ-
áâÒØâÕÛìÝÞ, ÔÛï ÒáïÚÞÓÞ x ∈ Rn: Πx = x1 = Πx1 = Π(Πx), ßÞáÚÞÛìÚã ÔÛï ∈ L
àÐ×ÛÞÖÕÝØÕ (14) ØÜÕÕâ ÒØÔ x1 = x1 = Πx1.

½Ð áÐÜÞÜ ÔÕÛÕ áÒÞÙáâÒÐ 1) � 3) ÝÕ âÞÛìÚÞ ÝÕÞÑåÞÔØÜë, ÝÞ Ø ÔÞáâÐâÞçÝë ÔÛï
âÞÓÞ, çâÞÑë ÞßÕàÐâÞà Π ÑëÛ ÞàâÞÓÞÝÐÛìÝëÜ ßàÞÕÚâÞàÞÜ. ´Ûï ÔÞÚÐ×ÐâÕÛìáâÒÐ
ßàÕÔßÞÛÞÖØÜ, áÞÓÛÐáÝÞ áÒÞÙáâÒã 1, çâÞ Π � ÛØÝÕÙÝëÙ ÞßÕàÐâÞà. ¾ÑÞ×ÝÐçØÜ
çÕàÕ× L ÜÝÞÖÕáâÒÞ àÕèÕÝØÙ ãàÐÒÝÕÝØï Πx = x. çÕàÕ× N � ÜÝÞÖÕáâÒÞ àÕèÕÝØÙ
ãàÐÒÝÕÝØï Πx = 0 . »ÕÓÚÞ ãÑÕÔØâìáï, çâÞ L Ø N � ÛØÝÕÙÝëÕ ßÞÔßàÞáâàÐÝáâÒÐ
Rn, ßàØçÕÜ ÞàâÞÓÞÝÐÛìÝëÕ, ÕáÛØ Π ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØî 2). ² áÐÜÞÜ ÔÕÛÕ, Õá-
ÛØ x ∈ L, y ∈ N . âÞ (x, y) = (Π, ) = (, Πy) = (x, 0) = 0. ´Ûï ÒáïÚÞÓÞ ÒÕÚâÞàÐ
x ∈ Rn ÜÞÖÝÞ ×ÐßØáÐâì âÞÖÔÕáâÒÞ

x = Πx + (I − Π)x. (17)

µáÛØ Π ãÔÞÒÛÕâÒÞàïÕâ ãáÛÞÒØî 3), âÞ Π(Πx) = Πx, â. Õ. Πx ∈ L Ø
Π(I − Π)x = (Π− Π2)x = 0, â. Õ. (I − Π)x ∈ N .

ÁÛÕÔÞÒÐâÕÛìÝÞ, Π � ÞßÕàÐâÞà ÞàâÞÓÞÝÐÛìÝÞÓÞ ßàÞÕÚâØàÞÒÐÝØï ÝÐ
L = {x ∈ Rn, Πx = x}. ¸× àÐ×ÛÞÖÕÝØï (17) áÛÕÔãÕâ âÐÚÖÕ, çâÞ ÞßÕàÐâÞà
I − Π ÞàâÞÓÞÝÐÛìÝÞ ßàÞÕæØàãÕâ ÝÐ N = {x ∈ Rn (I − Π)x = x} = L⊥.

¾âÜÕâØÜ áÛÕÔãîéÕÕ ÒÐÖÝÞÕ áÒÞÙáâÒÞ ÞàâÞÓÞÝÐÛìÝÞÓÞ ßàÞÕÚâÞàÐ. ¿ãáâì Π
� ÞßÕàÐâÞà ÞàâÞÓÞÝÐÛìÝÞÓÞ ßàÞÕæØàÞÒÐÝØï ÝÐ ÛØÝÕÙÝÞÕ ßÞÔßàÞáâàÐÝáâÒÞ L Ø

ρ(x, L) = inf{|x− y|| | y ∈ L} (18)

� àÐááâÞïÝØÕ Þâ x ÔÞ L. ÂÞÓÔÐ

ρ(x, L) = ||x− Πx||. (19)

´ÕÙáâÒØâÕÛìÝÞ, ßãáâì y ∈ L. ÂÞÓÔÐ

Πx− y ∈ L, x− Πx = (I − Π)x ∈ L⊥

Ø, áÛÕÔÞÒÐâÕÛìÝÞ,

||x− y||2 = ||x− Πx + Πx− y||2 = ||x− Πx||2 + ||Πx− y||2 > ||x− Πx||2,

ßàØçÕÜ àÐÒÕÝáâÒÞ ×ÔÕáì ÒëßÞÛÝïÕâáï ÛØèì Ò áÛãçÐÕ Πx = y.
¾àâÞÓÞÝÐÛìÝÞÕ ßàÕÞÑàÐ×ÞÒÐÝØÕ.

¾ÑÞ×ÝÐçØÜ çÕàÕ× U ÞßÕàÐâÞà ÞàâÞÓÞÝÐÛìÝÞÓÞ ßàÕÞÑàÐ×ÞÒÐÝØï (ÞßÕàÐâÞà ßÕ-
àÕåÞÔÐ Þâ ÞÔÝÞÓÞ ÞàâÞÝÞàÜØàÞÒÐÝÝÞÓÞ ÑÐ×ØáÐ Ú ÔàãÓÞÜã), ẽi = Uei. ¾Ý ÞÑÛÐÔÐÕâ
áÒÞÙáâÒÐÜØ: U∗ = U−1 Ø ||Ux|| = ||x|| (||U∗x|| = ||x||), det Û = ±1. (·ÔÕáì Û �
ÜÐâàØæÐ ÞßÕàÐâÞàÐ U).

ÂÕÞàÕÜÐ. ÀÐáßàÕÔÕÛÕÝØÕ ÒÕÚâÞàÐ η = Uξ áÞÒßÐÔÐÕâ á àÐáßàÕÔÕÛÕÝØÕÜ ÒÕÚ-
âÞàÐ ξ (â.Õ. ηi ∼ N(0, σ2) Ø ÝÕ×ÐÒØáØÜë).
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´ÞÚÐ×ÐâÕÛìáâÒÞ.

pη(y) = pξ(U
−1y)| det Û−1| = 1

(2πσ2)n/2
exp

{
− 1

2σ2
||U−1y||2

}
=

=
1

(2πσ2)n/2
exp

{
−||y||

2

2σ2

}
.

¾ßàÕÔÕÛÕÝØÕ 1. ÀÐáßàÕÔÕÛÕÝØÕÜ χ2
m ØÛØ ¿ØàáÞÝÐ (E.S.Person) á m áâÕßÕ-

ÝïÜØ áÒÞÑÞÔë ÝÐ×ëÒÐÕâáï àÐáßàÕÔÕÛÕÝØÕ áÛ. ÒÕÛØçØÝë, àÐÒÝÞÙ áãÜÜÕ ÚÒÐÔàÐâÞÒ
m∑

k=1

ξ2
k ÝÕ×ÐÒØáØÜëå áÛ. ÒÕÛØçØÝ ξk ∼ N(0, 1).

ÁÒÞÙáâÒÐ17. ¿ÛÞâÝÞáâì:

pχ2
m
(x) =

1

2m/2Γ(m
2
)
x

m
2
−1e−

x
2 .

¼ÞÜÕÝâë: Mχ2
m = m, Dχ2

m = 2m.
ÁÛÕÔáâÒØÕ 1. ||Πmξ||2 = σ2χ2

m.
´ÞÚÐ×ÐâÕÛìáâÒÞ. ¿ãáâì Πmx ∈ Lm ⊂ Rn. ÀÐááÜÞâàØÜ ÝÞÒëÙ ÑÐ×Øá {ẽi},

i = 1, . . . , n, ãÔÞÒÛÕâÒÞàïîéØÙ ãáÛÞÒØïÜ ẽi ∈ Lm, i = 1, . . . , m, ẽi ∈ L⊥m,
i = m+1, . . . , n Ø ßãáâì U � ÞàâÞÓÞÝÐÛìÝëÙ ÞßÕàÐâÞà ßÕàÕåÞÔÐ Þâ áâÐàÞÓÞ ÑÐ×Ø-
áÐ {ei} Ú ÝÞÒÞÜã {ẽi}, ẽi = Uei, i = 1, . . . , n. ÂÞÓÔÐ ||Πmξ||2 =

m∑
i=1

(ξ, ẽi)
2 = σ2χ2

m,
â.Ú. ßÞ âÕÞàÕÜÕ (ξ, ẽi) ∼ N(0, σ2).

¾ßàÕÔÕÛÕÝØÕ 2. ¿ãáâì χ2
m Ø χ2

k Ø ÝÕ×ÐÒØáØÜë. ÂÞÓÔÐ áÛ. ÒÕÛØçØÝÐ
Fm,k =

1
m

χ2
m

1
k
χ2

k

ÚÞÝâàÞÛØàãÕâáï àÐáßàÕÔÕÛÕÝØÕÜ ÄØèÕàÐ (R.A.Fischer).
ÁÒÞÙáâÒÐ. ¿ÛÞâÝÞáâì:

pFm,k
(x) =

k
k
2
−1m

k
2
−1x

m
2
−1(kx + m)−

k+m
2

Γ(k
2
)Γ(m

2
)

Γ(
k + m

2
), x > 0.

¼ÞÜÕÝâë: MFk,m = m
m−2

, m > 2 DFk,m = 2m2

(m−2)2(m−4)
(1 + m−2

k
), m > 4.

ÁÛÕÔáâÒØÕ 2. ¿ãáâì Rn = Lk⊕Lm⊕Ls, k+m+s = n, Πk � ÞàâÞÓÞÝÐÛìÝëÙ
ßàÞÕÚâÞà ÝÐ Lk, Πm � ÞàâÞÓÞÝÐÛìÝëÙ ßàÞÕÚâÞà ÝÐ Lm. ÂÞÓÔÐ Fk,m =

1
k
||Πkξ||2

1
m
||Πmξ||2 .

´ÞÚÐ×ÐâÕÛìáâÒÞ. ¿ãáâì ÝÞÒëÙ ÑÐ×Øá {ẽi}, i = 1, . . . , n âÐÚÞÒ, çâÞ ẽi ∈ Lk, Õá-
ÛØ i = 1, . . . , k, ẽi ∈ Lm, ÕáÛØ i = k+1, . . . , k+m, ẽi ∈ Ls, ÕáÛØ i = k+m+1, . . . , n.
ÂÞÓÔÐ ||Πkξ||2 = σ2χ2

k, ||Πmξ||2 = σ2χ2
m Ø ÝÕ×ÐÒØáØÜë.

¾ßàÕÔÕÛÕÝØÕ 3. ¿ãáâì ξ ∼ N(0, 1) Ø χ2
m ÝÕ×ÐÒØáØÜë. ÂÞÓÔÐ áÛ. ÒÕÛØçØÝÐ

tm = ξq
χ2

m
m

ÚÞÝâàÞÛØàãÕâáï àÐáßàÕÔÕÛÕÝØÕÜ ÁâìîÔÕÝâÐ (².Á.³ÞááÕâÐ) á m áâÕ-
ßÕÝïÜØ áÒÞÑÞÔë.

ÁÒÞÙáâÒÐ. ¿ÛÞâÝÞáâì:

ptm(x) =
Γ(m+1

2
)

Γ(m
2
)

1√
πm

(
1 +

x2

m

)−m+1
2

, x > 0.

¼ÞÜÕÝâë: Mtm = 0, Dtm = m
m−2

.
17 ²ëÒÞÔ áÞÞâÒÕâáâÒãîéØå äÞàÜãÛ áÜ. Ò ãçÕÑÝØÚÕ ¿ëâìÕÒÐ, ÈØèÜÐàÕÒÐ, áâà. 97 � 102.
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ÁÛÕÔáâÒØÕ 3. ¾ÑÞ×ÝÐçØÜ e = ( 1√
n
, . . . , 1√

n
), L1 � ÞÔÝÞÜÕàÝÞÕ ßÞÔßàÞ-

áâàÐÝáâÒÞ, ÞßàÕÔÕÛÕÝÝÞÕ ÒÕÚâÞàÞÜ e, Π1 � ÞàâÞÓÞÝÐÛìÝëÙ ßàÞÕÚâÞà ÝÐ L1,
Π1ξ = (e, ξ)e = ( 1√

n

n∑
i=1

ξi)e = ( 1√
n

n∑
i=1

ξi, . . . ,
1√
n

n∑
i=1

ξi).

¿ãáâì ξ ∼ N(0, σ2I), âÞÓÔÐ

(ξ, e)

[ 1
n−1

‖(I − Π1)ξ‖2]1/2
= tn−1 (20)

� àÐáßàÕÔÕÛÕÝØÕ ÁâìîÔÕÝâÐ á n− 1 áâÕßÕÝìî áÒÞÑÞÔë.
´ÞÚÐ×ÐâÕÛìáâÒÞ. ¿ÕàÕÙÔÕÜ Þâ ÑÐ×ØáÐ {ei} Ú ÑÐ×Øáã {e, ẽ1, . . . , ẽn−1}, âÐÚ çâÞ

L = L(e), L⊥ = L(ẽ1, . . . , ẽn−1). ÂÞÓÔÐ ÚÞÞàÔØÝÐâë Ò íâÞÜ ÝÞÒÞÜ ÑÐ×ØáÕ ÝÕ×ÐÒØ-
áØÜë Ø àÐáßàÕÔÕÛÕÝë ÚÐÚ N(0, σ2), Ð ‖(I −Π1)ξ‖2 = σ2χ2

n−1 Ø ßÞ ÞßàÕÔÕÛÕÝØî 3
ßÞÛãçÐÕÜ (20).

¿ÕàÕßØèÕÜ (20) ÕéÕ àÐ×

(ξ, e)

[ 1
n−1

‖(I − Π1)ξ‖2]1/2
=

1√
n

n∑
i=1

ξi

[ 1
n−1

n∑
k=1

(ξk − 1
n

n∑
i=1

ξi)2]1/2

=

=

1
n

n∑
i=1

ξi

[ 1
n(n−1)

n∑
k=1

(ξk − 1
n

n∑
i=1

ξi)2]1/2

.

µáÛØ ξ ∼ N(µ̄, σ2I), ÓÔÕ µ̄ = (µ, . . . , µ), âÞ ßÞáÛÕÔÝîî äÞàÜãÛã ÜÞÖÝÞ ×ÐÜÕ-
ÝØâì ÝÐ

tn−1 =

1
n

n∑
i=1

(ξi − µ)

[ 1
n(n−1)

n∑
k=1

(ξk − 1
n

n∑
i=1

ξi)2]1/2

=
µ̂− µ√

1
n
σ̂2

, (21)

ÓÔÕ µ̂ = 1
n

n∑
i=1

ξi, σ̂2 = 1
n−1

n∑
k=1

(ξk − 1
n

n∑
i=1

ξi)
2 = 1

n−1
‖(I − Π1)ξ‖2.

¸ÝâÕàÒÐÛìÝëÕ ÞæÕÝÚØ ÝÞàÜÐÛìÝÞÓÞ àÐáßàÕÔÕÛÕÝØï.
¿ãáâì {ξi}, i = 1.2. . . . � ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì ÝÕ×ÐÒØáØÜëå ÝÞàÜÐÛìÝÞ àÐá-

ßàÕÔÕÛÕÝÝëå N(µ, σ2) áÛ. ÒÕÛØçØÝ (ÝÕ×ÐÒØáØÜëå Ø×ÜÕàÕÝØÙ). ÂàÕÑãÕâáï ÞæÕÝØâì
×ÝÐçÕÝØï ÝÕØ×ÒÕáâÝëå ßÐàÐÜÕâàÞÒ µ Ø σ2. ÀÐááÜÞâàØÜ çÕâëàÕ áÛãçÐï.

1. ¾æÕÝØÒÐÝØÕ µ ßàØ Ø×ÒÕáâÝÞÜ σ2.

¾çÕÒØÔÝÞ,
nP

i=1
(ξi−µ)

√
nσ2

∼ N(0, 1).
ÂÞÓÔÐ

P




∣∣∣∣∣∣∣∣

n∑
i=1

(ξi − µ)

√
nσ2

∣∣∣∣∣∣∣∣
< ε


 = α(ε) = 1− 2Φ(−ε),
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ØÛØ, ßàÕÞÑàÐ×ãï ÝÕàÐÒÕÝáâÒÞ, ßÞÛãçÐÕÜ

P

(
µ̂− ε

√
σ2

n
< µ < µ̂ + ε

√
σ2

n

)
= α(ε) = 1− 2Φ(−ε),

ÓÔÕ µ̂ = 1
n

n∑
i=1

ξi � áÕàÕÔØÝÐ ØÝâÕàÒÐÛÐ, èØàØÝÞÙ 2ε
√

σ2

n
, ÚÞâÞàÞÜã á ÒÕàÞïâÝÞ-

áâìî 1− α(ε) = 1− 2Φ(−ε) ßàØÝÐÔÛÕÖØâ ÝÕØ×ÒÕáâÝëÙ ßÐàÐÜÕâà µ.
2. ¾æÕÝØÒÐÝØÕ σ2 ßàØ Ø×ÒÕáâÝÞÜ µ. ¸× ÞßàÕÔÕÛÕÝØï 1 áÛÕÔãÕâ, çâÞ

nP
i=1

(ξi−µ)2

σ2 ∼ χ2
n, ßÞíâÞÜã

P


ε1 <

n∑
i=1

(ξi − µ)2

σ2
< ε2


 = 1− α(ε1, ε2),

ØÛØ

P




n∑
i=1

(ξi − µ)2

ε2

< σ2 <

n∑
i=1

(ξi − µ)2

ε1


 = 1− α(ε1, ε2),

ßàØçÕÜ ÞÑëçÝÞ ε1 Ø ε2 ÒëÑØàÐîâ âÐÚ, çâÞÑë P (χ2
n < ε1) = P (χ2

n > ε2). ¸ÝâÕà-
ÒÐÛ, ÚÞâÞàÞÜã ãÔÞÒÛÕâÒÞàïÕâ σ2 á ÒÕàÞïâÝÞáâìî 1−α, ÝÐ×ëÒÐÕâáï ØÝâÕàÒÐÛìÝÞÙ
ÞæÕÝÚÞÙ σ2.

3. ¾æÕÝØÒÐÝØÕ µ ßàØ ÝÕØ×ÒÕáâÝÞÜ σ2.
²ÞáßÞÛì×ãÕÜáï äÞàÜãÛÞÙ (21)

P (|tn−1| < ε) = P




∣∣∣∣∣∣
µ̂− µ√

1
n
σ̂2

∣∣∣∣∣∣
< ε


 = 1− α(ε)

Ø ßÞÛãçÐÕÜ ÒëàÐÖÕÝØÕ, ÐÝÐÛÞÓØçÝÞÕ ßãÝÚâã 1:

P

(
µ̂− ε

√
σ̂2

n
< µ < µ̂ + ε

√
σ̂2

n

)
= 1− αn−1(ε),

ÝÞ á âÕÜ ÞâÛØçØÕÜ, çâÞ ÒÜÕáâÞ σ2 áâÞØâ σ̂2 Ø 1−αn−1(ε) áÞÞâÒÕâáâÒãÕâ àÐáßàÕÔÕ-
ÛÕÝØî ÁâìîÔÕÝâÐ á n− 1 áâÕßÕÝïÜØ áÒÞÑÞÔë.

4. ¾æÕÝØÒÐÝØÕ σ2 ßàØ ÝÕØ×ÒÕáâÝÞÜ µ.
·ÔÕáì ßÞ ÐÝÐÛÞÓØØ á ßãÝÚâÞÜ 2 ßÞÛãçÐÕÜ

P




n∑
i=1

(ξi − µ̂)2

ε2

< σ2 <

n∑
i=1

(ξi − µ̂)2

ε1


 = 1− αn−1(ε1, ε2),

ÓÔÕ αn−1(ε1, ε2) ÒëçØáÛïÕâáï ßÞ àÐáßàÕÔÕÛÕÝØî χ2
n−1 á n− 1 áâÕßÕÝïÜØ áÒÞÑÞÔë.
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ÂÞçÕçÝëÕ ÞæÕÝÚØ. »ÕÚæ. 10
¿ãáâì {ξi}, i = 1, 2, . . . , n � ÝÕ×ÐÒØáØÜÐï ÒëÑÞàÚÐ Ø× àÐáßàÕÔÕÛÕÝØï P (x, θ),

ÓÔÕ θ � ÝÕØ×ÒÕáâÝëÙ ßÐàÐÜÕâà. ½Ðá ØÝâÕàÕáãÕâ ÞæÕÝÚÐ t(ξ) ÒÕÛØçØÝë τ(θ) (×ÔÕáì
τ(·) � Ø×ÒÕáâÝÐï äãÝÚæØï), àÞÛì ÚÞâÞàÞÙ ØÓàÐÕâ ÝÕÚÞâÞàÐï áâÐâØáâØÚÐ t(ξ).

ÂÕàÜØÝÞÛÞÓØï: X � ÒëÑÞàÞçÝÞÕ ßàÞáâàÐÝáâÒÞ, n � ÞÑêÕÜ ÒëÑÞàÚØ, ÒáïÚÐï
Ø×ÜÕàØÜÐï äãÝÚæØï t Þâ ÒëÑÞàÚØ ξ ÝÐ×ëÒÐÕâáï áâÐâØáâØÚÞÙ, áÛÕÔÞÒÐâÕÛìÝÞ ßÞ
ÞßàÕÔÕÛÕÝØî ÛîÑÐï âÞçÕçÝÐï ÞæÕÝÚÐ � áâÐâØáâØÚÐ.

¶ÕÛÐâÕÛìÝëÕ áÒÞÙáâÒÐ ÞæÕÝÞÚ:
1. ½ÕáÜÕéÕÝÝÞáâì Mt(ξ) = τ(θ). (³ÐàÐÝâØàãÕâ Þâ ÝÐÚÞßÛÕÝØï áØáâÕÜÐâØçÕ-

áÚØå ÞèØÑÞÚ).
2. ÁÞáâÞïâÕÛìÝÞáâì tn(ξ)

P−→
n→∞

τ(θ).
3. ¼ØÝØÜÐÛìÝÞáâì ÔØáßÕàáØØ (ÕáÛØ ÞæÕÝÚÐ ÝÕáÜÕéÕÝÝÐï) � ÚÐçÕáâÒÞ ÞæÕÝ-

ÚØ ßàØ äØÚáØàÞÒÐÝÝÞÜ ÞÑêÕÜÕ ÒëÑÞàÚØ
¿àØÜÕàë.
½ÕáÜÕéÕÝÝÞáâì µ̂ = 1

n

n∑
i=1

ξi ÞçÕÒØÔÝÐ. ÁÞáâÞïâÕÛìÝÞáâì µ̂ � ãâÒÕàÖÔÕÝØÕ
·.±.Ç.

µáÛØ ξi ∼ N(µ, σ2), âÞ σ̂2 = 1
n−1

n∑
k=1

(ξk − µ̂)2 � ÝÕáÜÕéÕÝÝÐï Ø áÞ-

áâÞïâÕÛìÝÐï ÞæÕÝÚÐ. ´ÕÙáâÒØâÕÛìÝÞ, ßàØ íâÞÜ σ̂2 = 1
n−1

σ2χ2
n−1, Mσ̂2 = σ2,

Ð Dσ̂2 = σ4

(n−1)2
Dχ2

n−1 = σ4

(n−1)2
2(n − 1) Ø ßÞ ÝÕàÐÒÕÝáâÒã ÇÕÑëèñÒÐ

P{|σ̂2 − σ2| > ε} < 2σ4

ε2(n−1)
−→
n→∞

0. µáÛØ ξ ÝÕ ïÒÛïÕâáï ÝÞàÜÐÛìÝÞÙ, âÞ ÝÕáÜÕ-
éÕÝÝÞáâì ÞæÕÝÚØ áÞåàÐÝïÕâáï:

M
∑

(ξi − µ̂)2 = M
∑

[(ξi − µ)2 − 2(ξi − µ)(µ̂− µ) + (µ̂− µ)2] =

= M[
∑

(ξi − µ)2 − 2(µ̂− µ)
∑

(ξi − µ) +
∑

(µ̂− µ)2] =

= M[
∑

(ξi − µ)2 − 2

n

∑
(ξi − µ)

∑
(ξi − µ) +

n

n2

∑
(ξi − µ)

∑
(ξi − µ)] =

= nσ2 − 2σ2 + σ2 = (n− 1)σ2,

Ð áÞáâÞïâÕÛìÝÞáâì � ÝÕâ (ÒÞÞÑéÕ ÓÞÒÞàï).
¼ØÝØÜÐÛìÝÞáâì ÔØáßÕàáØØ � ÖÕÛÐâÕÛìÝÞÕ áÒÞÙáâÒÞ, ÞÔÝÐÚÞ ×ÐÜÕâØÜ, çâÞ

áÜÕéÕÝØÕ ÜÞÖÕâ ãÜÕÝìèØâì áà. ÚÒ. ãÚÛÞÝÕÝØÕ. ½ÐßàØÜÕà, ×ÐÔÐçÐ

M(k
∑

(ξi − µ̂)2 − σ2)2 ∼ min
k

ØÜÕÕâ àÕèÕÝØÕ ÔÛï ξi ∼ N(µ, σ2) ßàØ k = 1
n+1

. (´ÞÚÐ×Ðâì).
ÀÐááÜÞâàØÜ áßÕæØÐÛìÝÞ ÝÕáÜÕéÕÝÝëÕ ÞæÕÝÚØ ÜØÝØÜÐÛìÝÞÙ ÔØáßÕàáØØ

(½¾¼´).
»ÕÜÜÐ. µáÛØ áãéÕáâÒãÕâ ½¾¼´, âÞ ÞÝÐ ÕÔØÝáâÒÕÝÝÐ (á ÒÕà. 1).
´ÞÚÐ×ÐâÕÛìáâÒÞ. ¿ãáâì t1(ξ) Ø t2(ξ) � ½¾¼´, â.Õ. Mti(ξ) = τ(θ), Dti(ξ) = δ,

i = 1, 2.
ÀÐááÜÞâàØÜ t3 = 1

2
(t1 + t2). ÂÞÓÔÐ Dt3 =

=
1

4
(Dt1 + 2covt1t2 + Dt2) 6 1

4
(Dt1 + 2

√
Dt1Dt2 + Dt2) =

1

4
(
√

δ +
√

δ)2 = δ,
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ÝÞ Dt3 > δ, â.Õ. ÒÞ×ÜÞÖÝÞ ÛØèì àÐÒÕÝáâÒÞ, ÞâÚãÔÐ áÛÕÔãÕâ, çâÞ
t1(ξ) − τ(θ) = k(θ)(t2(ξ) − τ(θ)) á ÒÕà. 1 (k2 = 1), Ø ÔÐÛÕÕ, Ø× covt1t2 = δ
ßÞÛãçÐÕÜ k = 1.

¾ßàÕÔÕÛÕÝØÕ. ½Ð×ÞÒÕÜ áâÐâØáâØÚã t(ξ), ãÔÞÒÛÕâÒÞàïîéãî ãáÛÞÒØî
M(t(ξ))2 < +∞, ÓØÛìÑÕàâÞÒÞÙ.

ÂÕÞàÕÜÐ. ¿ãáâì ξ = (ξ1, . . . , ξn) � ÒëÑÞàÚÐ Ø× àÐáßàÕÔÕÛÕÝØï P (x, θ). ´Ûï
âÞÓÞ, çâÞÑë ÓØÛìÑÕàâÞÒÐ áâÐâØáâØÚÐ t(ξ) ÑëÛÐ ½¾¼´, ÝÕÞÑåÞÔØÜÞ Ø ÔÞáâÐâÞçÝÞ,
çâÞÑë ÔÛï ÒáïÚÞÙ æÕÝâàØàÞÒÐÝÝÞÙ ÓØÛìÑÕàâÞÒÞÙ áâÐâØáâØÚØ η = s(ξ) (âÐÚÞÙ, çâÞ
Mη = 0), ÒëßÞÛÝïÛÞáì Mt(ξ)η = 0.

´ÞÚÐ×ÐâÕÛìáâÒÞ. ¿ãáâì t(ξ) � ÓØÛìÑÕàâÞÒÐ ÝÕáÜÕéÕÝÝÐï ÞæÕÝÚÐ τ(θ). ÂÞ-
ÓÔÐ t(ξ)+λη � âÞÖÕ ÓØÛìÑÕàâÞÒÐ ÝÕáÜÕéÕÝÝÐï ÞæÕÝÚÐ τ(θ) ÔÛï ÒáÕå λ. ¾ÑÞ×ÝÐ-
çØÜ

ϕλ = M(t(ξ)− τ(θ) + λη)2.

min
λ

ϕλ = M(t− τ)2 − [Mtη]2

Mη2

(
ßàØλ = λ∗ = −Mtη

Mη2

)
.

(½ÕÞÑåÞÔØÜÞáâì). µáÛØ ßÞáÛÕÔÝÕÕ áÛÐÓÐÕÜÞÕ ÝÕ àÐÒÝÞ ÝãÛî, âÞ áãéÕáâÒãÕâ
ÝÕáÜÕéÕÝÝÐï áâÐâØáâØÚÐ á ÔØáßÕàáØÕÙ, ÜÕÝìèÕÙ, çÕÜ ã áâÐâØáâØÚØ t(ξ).

(´ÞáâÐâÞçÝÞáâì). µáÛØ ßÞáÛÕÔÝÕÕ áÛÐÓÐÕÜÞÕ ßàØ ÛîÑëå η, Mη = 0 àÐÒÝÞ
ÝãÛî, âÞ áâÐâØáâØÚÐ t(ξ) ØÜÕÕâ ÝÐØÜÕÝìèãî ÔØáßÕàáØî áàÕÔØ ÒáÕå ÓØÛìÑÕà-
âÞÒëå ÝÕáÜÕéÕÝÝëå ÞæÕÝÞÚ âØßÐ t(ξ) + λη, Ð áÛÕÔÞÒÐâÕÛìÝÞ, ÒáÕå ÓØÛìÑÕàâÞ-
Òëå ÝÕáÜÕéÕÝÝëå ÞæÕÝÞÚ, ßÞáÚÞÛìÚã ÛîÑãî ÓØÛìÑÕàâÞÒã ÝÕáÜÕéÕÝÝãî ÞæÕÝÚã
ÜÞÖÝÞ ßàÕÔáâÐÒØâì Ò âÐÚÞÜ ÒØÔÕ.

¸ÝÞÓÔÐ ÚÐçÕáâÒÞ ÞæÕÝÚØ ÜÞÖÝÞ ÞæÕÝØâì, ×ÝÐï ÜØÝØÜÐÛìÝÞ ÒÞ×ÜÞÖÝÞÕ ×ÝÐ-
çÕÝØÕ ÕÕ ÔØáßÕàáØØ (ÝÕàÐÒÕÝáâÒÞ ÀÐÞ-ºàÐÜÕàÐ).

¾ßàÕÔÕÛÕÝØÕ. ÄãÝÚæØÕÙ ßàÐÒÔÞßÞÔÞÑØï ÔÛï ÝÕÚÞâÞàÞÓÞ àÐáßàÕÔÕÛÕÝØï
P (x, θ) ÝÐ×ëÒÐÕâáï L(x, θ) = f(x1, θ)f(x2, θ) . . . f(xn, θ), ÓÔÕ f(xi, θ) � ÛØÑÞ
ßÛÞâÝÞáâì àÐáßàÕÔÕÛÕÝØï pξ(x, θ) áÛ. ÒÕÛØçØÝë ξ, ÛØÑÞ Pθ{ξ = x}18.

ÂÕÞàÕÜÐ ÀÐÞ-ºàÐÜÕàÐ. ¿ãáâì L(x, θ) � äãÝÚæØï ßàÐÒÔÞßÞÔÞÑØï, θ ∈ R1 Ø
ÒëßÞÛÝÕÝë ãáÛÞÒØï:

1. t(ξ) � ÝÕáÜÕéÕÝÝÐï ÞæÕÝÚÐ τ(θ).
2. ÄãÝÚæØØ L(x, θ) Ø τ(θ) ÔØääÕàÕÝæØàãÕÜë ßÞ θ.
3. ¼ÞÖÝÕáâÒÞ âÕå x, ÔÛï ÚÞâÞàëå L(x, θ) > 0 ÝÕ ×ÐÒØáØâ Þâ θ Ø

d

dθ

∫
L(x, θ)dx =

∫
d

dθ
L(x, θ)dx

Ø
d

dθ

∫
t(x)L(x, θ)dx =

∫
t(x)

d

dθ
L(x, θ)dx.

ÂÞÓÔÐ
Dt(ξ) > |τ ′(θ)|2

M
[

∂ ln(ξ,θ)
∂θ

]2 , (22)

18¾ÑëçÝÞ äãÚÝæØï ßàÐÒÔÞßÞÔÞÑØï àÐááÜÐâàØÒÐÕâáï ÚÐÚ äãÝÚæØï Þâ θ, Ð ×ÝÐçÕÝØï
x1, x2, . . . , xn (ÒëÑÞàÚÐ) � ßÐàÐÜÕâàë.
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ßàØçÕÜ ×ÝÐÚ àÐÒÕÝáâÒÐ ØÜÕÕâ ÜÕáâÞ âÞÓÔÐ Ø âÞÛìÚÞ âÞÓÔÐ, ÚÞÓÔÐ

∂ ln(ξ, θ)

∂θ
= a(θ)[t(ξ)− τ(θ)] (23)

á ÒÕàÞïâÝÞáâìî ÕÔØÝØæÐ ÔÛï ÝÕÚÞâÞàÞÓÞ a(θ).
´ÞÚÐ×ÐâÕÛìáâÒÞ. ´ØääÕàÕÝæØàãï âÞÖÔÕáâÒÐ

∫
L(x, θ)dx = 1 Ø∫

t(x)L(x, θ)dx = τ(θ), ßÞÛãçØÜ
∫

d ln L(x, θ)

dθ
L(x, θ)dx = 0,

∫
t(x)

d ln L(x, θ)

dθ
L(x, θ)dx = τ ′(θ)

ØÛØ ∫
[t(x)− τ(θ)]

d ln L(x, θ)

dθ
L(x, θ)dx = τ ′(θ)

Ø ÞâáîÔÐ ßÞ ÝÕàÐÒÕÝáâÒã ºÞèØ-±ãÝïÚÞÒáÚÞÓÞ ßÞÛãçÐÕÜ (22).
µáÛØ Ò ãáÛÞÒØïå âÕÞàÕÜë ÀÐÞ-ºàÐÜÕàÐ ØÜÕÕâ ÜÕáâÞ àÐÒÕÝáâÒÞ, âÞ áßàÐÒÕÔ-

ÛØÒÞ (23) á ÒÕàÞïâÝÞáâìî ÕÔØÝØæÐ. ² íâÞÜ áÛãçÐÕ ÞæÕÝÚÐ ÝÐ×ëÒÐÕâáï íääÕÚâØÒ-
ÝÞÙ Ø ÕÕ ÔØáßÕàáØï àÐÒÝÐ Dt(ξ) = |τ ′(θ)|

|a(θ)| .
º âÐÚØÜ ÞæÕÝÚÐÜ, ÝÐßàØÜÕà, ßàØÒÞÔïâ àÐáßàÕÔÕÛÕÝØï, ßÛÞâÝÞáâØ ÚÞâÞàëå

ÜÞÖÝÞ ßàÕÔáâÐÒØâì Ò ÒØÔÕ

f(x, θ) = exp{a(θ)b(x) + c(θ) + d(x)}, x ∈ R1, θ ∈ R1.

(¾ÝØ ÝÐ×ëÒÐîâáï íÚáßÞÝÕÝæØÐÛìÝëÜØ áÕÜÕÙáâÒÐÜØ.) ÂÞÓÔÐ

L(x, θ) = exp{a(θ)
∑

b(xi) + nc(θ) +
∑

d(xi)}
Ø

∂ ln(ξ, θ)

∂θ
= a′(θ)n

{
1

n

∑
b(xi) +

c′(θ)
a′(θ)

}
.

¿ãáâì ãáÛÞÒØï âÕÞàÕÜë ÀÐÞ-ºàÐÜÕàÐ ÒëßÞÛÝÕÝë, âÞÓÔÐ t(ξ) = 1
n

∑
b(xi)

Õáâì íääÕÚâØÒÝÐï ÞæÕÝÚÐ τ(θ) = − c′(θ)
a′(θ) á ÔØáßÕàáØÕÙ
∣∣∣∣

τ ′(θ)
na′(θ)

∣∣∣∣ .

ÍÚáßÞÝÕÝæØÐÛìÝÞÜã áÕÜÕÙáâÒã ßàØÝÐÔÛÕÖÐâ ÜÝÞÓØÕ ÒÐÖÝëÕ ÔÛï ßàÐÚâØ-
ÚØ àÐáßàÕÔÕÛÕÝØï: ÝÞàÜÐÛìÝÞÕ, ¿ãÐááÞÝÐ, ±ÕàÝãÛÛØ (ÑØÝÞÜØÐÛìÝÞÕ), ÓÐÜÜÐ-
àÐáßàÕÔÕÛÕÝØÕ Ø ÔàãÓØÕ.

º áÞÖÐÛÕÝØî, ÚÛÐáá íääÕÚâØÒÝëå ÞæÕÝÞÚ ÒÕáìÜÐ ã×ÞÚ: ÕáÛØ âÐÚÐï ÞæÕÝÚÐ
áãéÕáâÒãÕâ ÔÛï äãÝÚæØØ τ(θ), âÞ ÞÝÐ ÝÕ áãéÕáâÒãÕâ ÝØ ÔÛï ÚÐÚÞÙ äãÝÚæØØ, Þâ-
ÛØçÝÞÙ Þâ c1τ(θ) + c2.

¾æÕÝÚØ ÜÐÚáØÜÐÛìÝÞÓÞ ßàÐÒÔÞßÞÔÞÑØï. ·ÝÐçÕÝØÕ ßÐàÐÜÕâàÐ θ = θ̂, ßàØ
ÚÞâÞàÞÜ äãÝÚæØï ßàÐÒÔÞßÞÔÞÑØï ØÜÕÕâ ÜÐÚáØÜãÜ, ÝÐ×ëÒÐÕâáï ÞæÕÝÚÞÙ ÜÐÚáØ-
ÜÐÛìÝÞÓÞ ßàÐÒÔÞßÞÔÞÑØï. ¾ÝÐ, Ú áÞÖÐÛÕÝØî, ÝÕ áÒï×ÐÝÐ á ÚÐÚØÜ-ÛØÑÞ ßàØÝæØ-
ßÞÜ ÞßâØÜÐÛìÝÞáâØ Ø ÝÕ ÞÑÛÐÔÐÕâ, ÝÐßàØÜÕà, áÒÞÙáâÒÞÜ ÝÕáÜÕéÕÝÝÞáâØ, ÞÔÝÐÚÞ
ÛÕÓÚÞ ÝÐåÞÔØâáï Ø ØÜÕÕâ åÞàÞèØÕ ÐáØÜßâÞâØçÕáÚØÕ áÒÞÙáâÒÐ (áÞáâÞïâÕÛìÝÞáâì).
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ÂÕÞàÕÜÐ ³ÐãááÐ-¼ÐàÚÞÒÐ.»ÕÚæ. 11
¿àÕÔßÞÛÞÖØÜ, çâÞ ÝÐÑÛîÔÕÝØî ÔÞáâãßÝë ÛØèì ÛØÝÕÙÝëÕ ÚÞÜÑØÝÐæØØ ÝÕØ×-

ÒÕáâÝëå ÒÕÛØçØÝ (ÝÐÑÛîÔÕÝØï ÚÞáÒÕÝÝëÕ)

ξi =
k∑

j=1

aijαj + νi, i = 1, 2, . . . , n. (24)

¿ãáâì νi � ÝÕ×ÐÒØáØÜëÕ áÛ. ÒÕÛØçØÝë, Mµ = 0, Dν = σ2, i = 1, 2, . . . , n.
ÂàÕÑãÕâáï ÞæÕÝØâì αj , j = 1, 2, . . . , k, âÞçÝÕÕ, ÝÐÙâØ ÛØÝÕÙÝëÕ ÝÕáÜÕéÕÝÝëÕ

ÞæÕÝÚØ α̂j á ÜØÝØÜÐÛìÝÞÙ ÔØáßÕàáØÕÙ.
·ÐßØèÕÜ (24) Ò ÒØÔÕ

ξ =
k∑

j=1

ajαj + ν, (25)

ÓÔÕ aj = (a1j, a2j, . . . , anj)
∗, ξ, ν, aj ∈ Rn, n > k, ÒÕÚâÞàë-áâÞÛÑæë aj ÛØÝÕÙÝÞ

ÝÕ×ÐÒØáØÜë, ØÛØ Ò ÒØÔÕ
ξ = Aα + ν, α ∈ Rk, (26)

ßàØçÕÜ Mν = 0, Mνν∗ = σ2I .

1. (»ØÝÕÙÝÞáâì) ±ãÔÕÜ ØáÚÐâì ÞæÕÝÚã αj Ò ÒØÔÕ α̂j =
n∑

i=1

bjiξi = (bj, ξ),
bj = (bj1, bj1, . . . , bjn)∗.

2. ÂàÕÑÞÒÐÝØÕ ÝÕáÜÕéÕÝÝÞáâØ ÔÐÕâ:

Mα̂j =
n∑

i=1

bji

k∑
s=1

aisαs =
k∑

s=1

(
n∑

i=1

bjiais

)
= αj, j = 1, . . . , k. (27)

¾âáîÔÐ (bj, as) = δjs, j, s = 1, 2, . . . , k.

3. ²ëçØáÛØÜ ÔØáßÕàáØî Dα̂j = D
n∑

i=1

bjiξi = σ2
n∑

i=1

b2
ji = σ2||bj||2.

ÂàÕÑÞÒÐÝØÕ ÜØÝØÜÐÛìÝÞáâØ ÔØáßÕàáØØ ßàØÒÞÔØâ Ú áÛÕÔãîéÕÙ ×ÐÔÐçÕ ÝÐ
ãáÛÞÒÝëÙ íÚáâàÕÜãÜ:

´Ûï ÚÐÖÔÞÓÞ j = 1, 2, . . . , k ÝÐÙâØ min ||bj||2 ßàØ ãáÛÞÒØïå (bj, as) = δjs,
s = 1, 2, . . . , k. ²ÞáßÞÛì×ãÕÜáï ÜÕâÞÔÞÜ ÜÝÞÖØâÕÛÕÙ »ÐÓàÐÝÖÐ19: ÒÒÕÔÕÜ äãÝÚ-
æØî »ÐÓàÐÝÖÐ

L = ||bj||2 − 2
k∑

s=1

λjs(bj, as) (28)

19´Ûï ÝÐåÞÖÔÕÝØï ÜØÝØÜãÜÐ ϕ(x) ßàØ ãáÛÞÒØïå gi(x) = 0, i = 1, 2, . . . , m, ÝãÖÝÞ, çâÞ-
Ñë ÓàÐÔØÕÝâ gradϕ(x) ÑëÛ ÞàâÞÓÞÝÐÛÕÝ ÒáÕÜ ßÞÒÕàåÝÞáâïÜ gi(x) = 0, i = 1, 2, . . . ,m,
â.Õ. ÓàÐÔØÕÝâ grad ϕ(x) ÜÞÖÕâ Ñëâì àÐ×ÛÞÖÕÝ ßÞ ÒÕÚâÞàÐÜ grad gi(x)), i = 1, 2, . . . ,m:
grad[ϕ(x) −

m∑
i=1

λigi(x)] = 0 ßàØ ÝÕÚÞâÞàëå λi. ²ëàÐÖÕÝØÕ Ò ÚÒÐÔàÐâÝëå áÚÞÑÚÐå � âÐÚ ÝÐ-
×ëÒÐÕÜÐï äãÝÚæØï »ÐÓàÐÝÖÐ.



36 ºÞÝáßÕÚâ ÛÕÚæØÙ ßÞ âÕÞàØØ ÒÕàÞïâÝÞáâÕÙ � 2005

Ø, ÔØääÕàÕÝæØàãï ßÞ bji, ßÞÛãçÐÕÜ bj =
k∑

s=1

λjsas. ¸áßÞÛì×ãÕÜ ãáÛÞÒØÕ ÝÕáÜÕ-

éÕÝÝÞáâØ: (bj, ap) =
k∑

s=1

λjs(as, ap) = δjp. ÞâÚãÔÐ λjs = (aj, as)
− Ø ÞÚÞÝçÐâÕÛìÝÞ20

α̂j =
k∑

s=1

(aj, as)
−(as, ξ).

¿ÞáÚÞÛìÚã Ò ÒÕÚâÞàÝÞ-ÜÐâàØçÝÞÙ äÞàÜÕ (aj, as) = (A∗A)js, âÞ

α̂ = (A∗A)−1A∗ξ. (29)
½ÐÙÔÕÜ ÜÐâàØæã ÚÞÒÐàØÐæØÙ α̂. ¿ÞáÚÞÛìÚã

α̂− α = (A∗A)−1A∗ξ − α = (A∗A)−1A∗(Aα + ν)− α =

= (A∗A)−1A∗Aα + (A∗A)−1A∗ν − α = (A∗A)−1A∗ν,

âÞ
M(α̂− α)(α̂− α)∗ = M(A∗A)−1A∗νν∗A(A∗A)−1 = σ2(A∗A)−1. (30)

ÀÐááÜÞâàØÜ ÜÕâÞÔ ÝÐØÜÕÝìèØå ÚÒÐÔàÐâÞÒ. ¿ãáâì α̃ ÒëÑØàÐîâáï Ø×
ãáÛÞÒØï21

n∑
i=1

(ξi −
k∑

j=1

aijαj)
2 ∼ min

αj

.

´ØääÕàÕÝæØàãï ßÞ αs, ßÞÛãçØÜ

2
n∑

i=1

(ξi−
k∑

j=1

aijα̃j)ais = 0 ⇒
n∑

i=1

k∑
j=1

aijaisα̃j =
n∑

i=1

aisξi, s = 1, 2, . . . , k. (31)

¾âáîÔÐ ßÞÛãçÐÕÜ
α̃ = (A∗A)−1A∗ξ,

â.Õ. âã ÖÕ ÞæÕÝÚã,çâÞ Ø α̂.
ÂÐÚØÜ ÞÑàÐ×ÞÜ, áßàÐÒÕÔÛØÒÐ ÂÕÞàÕÜÐ ³ÐãááÐ-¼ÐàÚÞÒÐ:
¿ãáâì ξ Ø×ÜÕàïÕâáï ßÞ áåÕÜÕ (24). ÂÞÓÔÐ »½¾¼´ ÔÐÕâáï äÞàÜãÛÞÙ (29), Ð

ÜÐâàØæÐ ÚÞÒÐàØÐæØÙ � äÞàÜãÛÞÙ (30).

ºÐÚ ÞæÕÝØâì σ2?
·ÐÜÕâØÜ, çâÞ Ø× (31) áÛÕÔãÕâ (ξ − Aα̂)aj = 0, j = 1, 2, . . . , k, â.Õ.

(I − A(A∗A)−1A∗)ξ ⊥ L(a1, . . . , ak) = (I − Πa)ξ.

ÂÐÚØÜ ÞÑàÐ×ÞÜ, Πa = A(A∗A)−1A∗ � ÞâÞÓÞÝÐÛìÝëÙ ßàÞÕÚâÞà ÝÐ L(a1, . . . , ak)
(íâÞ ÜÞÖÝÞ ßàÞÒÕàØâì ÝÕßÞáàÕÔáâÒÕÝÝÞ).

20·ÝÐÚ − ÓÞÒÞàØâ Þ âÞÜ, çâÞ ÑÕàÕâáï áÞÞâÒÕâáâÒãîéØÙ íÛÕÜÕÝâ ÜÐâàØæë, ÞÑàÐâÝÞÙ Ú ÜÐâàØæÕ
||(aj , as)||.

21·ÔÕáì ÝÕ ÔÕÛÐÕâáï ÝØÚÐÚØå ßàÕÔßÞÛÞÖÕÝØÙ Þ ξi, i = 1, 2, . . . , n.
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¿ãáâì k < n. ¾ÑÞ×ÝÐçØÜ

s2 = ||ξ − Aα||2 = ||ν||2,
s2
1 = ||ξ − Πaξ||2 = ||ξ − Πa(Aα + ν)||2 = ||(I − Πa)ν||2,

s2
2 = ||Πaξ − Aα||2 = ||Πa(ξ − Aα)||2 = ||Πaν||2.

´ÐÛÕÕ, Ms2 = tr σ2I = nσ2, Ms2
1 = σ2 tr(I − Πa) = σ2(n− k).

¾âáîÔÐ σ̂2 = 1
n−k

s2
1 = 1

n−k
||ξ − Πaξ||2 � ÝÕáÜÕéÕÝÐï ÞæÕÝÚÐ σ2.

´ÞÒÕàØâÕÛìÝëÕ ÜÝÞÖÕáâÒÐ Ò ÝÞàÜÐÛìÝÞÙ àÕÓàÕááØØ.
´ÞÒÕàØâÕÛìÝëÕ ÜÝÞÖÕáâÒÐ � ÐÝÐÛÞÓ ØÝâÕàÒÐÛÞÒ Ò ØÝâÕàÒÐÛìÝëå ÞæÕÝÚÐå.
¿ãáâì ν ∼ N(0, σ2I). ÂÞÓÔÐ s2

2 = ||Πaξ − Aα||2 = ||Πaν||2 = σ2χ2
k,

s2
1 = ||ξ − Πaξ||2 = ||(I − Πa)ν||2 = σ2χ2

n−k Ø ÝÕ×ÐÒØáØÜë, ßÞíâÞÜã

Fk,n−k =
1
k
χ2

k
1

n−k
χ2

n−k

.

¿ãáâì P{Fk,n−k 6 ε} = γF (ε), âÞÓÔÐ á ÒÕàÞïâÝÞáâìî γF (ε)

||A(α− α̂)||2 = (A∗A(α− α̂), (α− α̂)) 6 ε
k

n− k
||(I − Πa)ξ||2. (32)

»ÕÒÐï çÐáâì ÝÕàÐÒÕÝáâÒÐ (32) ßàÕÔáâÐÒÛïÕâ áÞÑÞÙ ÚÒÐÔàÐâØçÝãî äÞàÜã ÞâÝÞáØ-
âÕÛìÝÞ ÚÞÞàÔØÝÐâ α á ÜÐâàØæÕÙ A∗A > 0, ßÞíâÞÜã (32) ÞßàÕÔÕÛïÕâ Ò ÚÞÞàÔØÝÐâÐå
αj íÛÛØßáÞØÔ á æÕÝâàÞÜ α̂ (ÔÞÒÕàØâÕÛìÝëÙ íÛÛØßáÞØÔ ÅÞâÕÛÛØÝÓÐ).

µáÛØ ÝÐÜ ÝãÖÝÞ ÞæÕÝØâì ÞÔÝã ÚÞÞàÔØÝÐâã αj , âÞ ÒáßÞÜÝØÜ, çâÞ ÕÕ ÔØáßÕàáØï
àÐÒÝÐ σ2(aj, aj)

−, ßÞíâÞÜã αj−α̂j√
σ2(aj ,aj)−

∼ N(0, 1), Ð

αj − α̂j√
(aj, aj)− 1

n−k
||(I − Πa)ξ||2

= tn−k,

Ø ÕáÛØ P{|tn−k| < ε} = γt(ε), âÞ á ÒÕàÞïâÝÞáâìî γt(ε) ÝÕàÐÒÕÝáâÒÞ

|αj − α̂j| 6 ε

√
(aj, aj)−||(I − Πa)ξ||2

n− k

ÔÐÕâ ØÝâÕàÒÐÛìÝãî ÞæÕÝÚã αj .
½ÐÚÞÝÕæ, áâÐâØáâØÚÐ s2

1 ÔÐÕâ ÒÞ×ÜÞÖÝÞáâì ßàÞÒÕàØâì ÐÔÕÚÒÐâÝÞáâì ÜÞÔÕÛØ
Ø×ÜÕàÕÝØï (ÞÑÞ×ÝÐçØÜ ÕÕ [A, σ2]). µáÛØ ÜÞÔÕÛì ÒÕàÝÐ, âÞ, ÚÐÚ ßÞÚÐ×ÐÝÞ àÐÝÕÕ,
s2
1 = σ2χ2

n−k Ø ÝÕ ×ÐÒØáØâ Þâ Ø×ÜÕàïÕÜÞÓÞ ßÐàÐÜÕâàÐ (áØÓÝÐÛÐ) α. ¿ÞíâÞÜã ÒÕàÞ-
ïâÝÞáâì P{χ2

n−k <
s2
1

σ2} åÐàÐÚâÕàØ×ãÕâ ÐÔÕÚÒÐâÝÞáâì ÜÞÔÕÛØ ÔÐÝÝëÜ Ø×ÜÕàÕÝØïÜ.
·ÐÔÐçØ àÕÔãÚæØØ Ø×ÜÕàÕÝØÙ. ». 12
1◦ ¿ÞáâÐÝÞÒÚÐ ×ÐÔÐçØ ÝÕáÜÕéÕÝÝÞÙ àÕÔãÚæØØ Ø×ÜÕàÕÝØÙ.
´Ûï áåÕÜë Ø×ÜÕàÕÝØÙ ξ = Af + ν, Mν = 0, Mνν∗ = σ2I áâÐÒØâáï ×ÐÔÐçÐ

ÝÕáÜÕéÕÝÝÞÙ àÕÔãÚæØØ:

inf{M||Rξ − f ||2 | R, RA = I} = inf{σ2 tr RR∗ | R, RA = I} = h0.

¿ãáâì A∗A > 0 (rank A = k 6 n).
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ÀÕèÐÕÜ ãàÐÒÝÕÝØÕ RA = I : R = R0+Y , ÓÔÕ R0 = (A∗A)−1A∗, Ð Y � àÕèÕÝØÕ
ãàÐÒÝÕÝØï Y A = 0⇔ Y Πa = 0⇔ Y = Z(I − Πa), ∀Z.

Â.Þ., ÞÑéÕÕ àÕèÕÝØÕ R = (A∗A)−1A∗ + Z(I − Πa).
² íâÞÜ áÛãçÐÕ tr RR∗ = tr(A∗A)−1 + tr Z(I − Πa)Z

∗ Ø inf ÔÞáâØÓÐÕâáï ÝÐ
R = R0 = (A∗A)−1A∗ Ø àÐÒÕÝ h0 = σ2 tr(A∗A)−1. ¾çÕÒØÔÝÞ, íâÞâ àÕ×ãÛìâÐâ
áÞÒßÐÔÐÕâ á àÕ×ãÛìâÐâÞÜ, ßÞÛãçÕÝÝëÜ Ò âÕÞàÕÜÕ ³ÐãááÐ-¼ÐàÚÞÒÐ.

² íâÞÜ áÛãçÐÕ Rξ = f + Rν, ÓÔÕ Rν � èãÜ, áãÜÜÐàÝÐï íÝÕàÓØï ÚÞâÞàÞÓÞ
àÐÒÝÐ h0.

2◦ ·ÐÔÐçÐ àÕÔãÚæØØ á ÞÓàÐÝØçÕÝØÕÜ ÝÐ ãàÞÒÕÝì èãÜÐ. ÇÐáâÞ èãÜ, ßÞÛãçÕÝ-
ÝëÙ ßàØ àÕèÕÝØØ ×ÐÔÐçØ ÝÕáÜÕéÕÝÝÞÙ àÕÔãÚæØØ, ÝÕßàØÕÜÛÕÜÞ ÒÕÛØÚ. ²áßÞÜ-
ÝØÜ, çâÞ ÞèØÑÚÐ áÚÛÐÔëÒÐÕâáï Ø× ÔÒãå:

Rξ = f + (RA− I)f + Rν.

²ÒÕÔÕÜ àÐááâÞïÝØÕ ÜÕÖÔã ÜÐâàØæÐÜØ22 (ÞßÕàÐâÞàÐÜØ) A Ø B:
ρ2(A−B) = tr(A−B)(A−B)∗.

¿ÞáâÐÒØÜ ×ÐÔÐçã áØÝâÕ×Ð ßàØÑÞàÐ á ÞÓàÐÝØçÕÝØÕÜ ÝÐ ãàÞÒÕÝì èãÜÐ:

inf{tr(RA− I)(RA− I)∗ | R, M||Rν||2 6 ε}. (33)

·ÐÜÕâØÜ, çâÞ M||Rν||2 = σ2 tr RR∗ = σ2
∑
i,j

r2
ij .

´ÐÛÕÕ àÐááÜÞâàØÜ ÔÒÐ áÛãçÐï.
1. h0 6 ε. ² íâÞÜ áÛãçÐÕ ãáÛÞÒØÕ Ò ×ÐÔÐçÕ (33) ÒëßÞÛÝïÕâáï Ø

R0 = (A∗A)−1A∗ � Õáâì àÕèÕÝØÕ, âÐÚ ÚÐÚ ÛîÑÞÕ R = (A∗A)−1A∗ + Z(I − Πa)
ÜØÝØÜØ×ØàãÕâ ||RA− I||22.

2. ²ÒÕÔÕÜ áØáâÕÜã ÚÞÞàÔØÝÐâ Ò ßàÞáâàÐÝáâÒÕ ÜÐâàØçÝëå íÛÕÜÕÝâÞÒ (Ø×ÞÑàÐ-
×ØÜ ÛØèì ÔÒÐ!):

-

6

R1

R2

&%

'$µ´
¶³

r

r r

¾ RA = I
A
AAU

σ2 tr RR∗ = ε

-R0
¾ »ØÝØØ ãàÞÒÝï tr(RA− I)(RA− I)∗ = const

¾çÕÒØÔÝÞ, àÕèÕÝØÕ Õáâì âÞçÚÐ ÚÐáÐÝØï, ÓÔÕ σ2 tr RR∗ = ε (àÐÒÝÞ!). ÂÞÓÔÐ
àÕèÐÕÜ ×ÐÔÐçã ÜÕâÞÔÞÜ ÜÝÞÖØâÕÛÕÙ (ÞÔÝÞÓÞ!) »ÐÓàÐÝÖÐ. ÄãÝÚæØï »ÐÓàÐÝÖÐ

L(R) = tr(RA− I)(RA− I)∗ + ωσ2 tr RR∗.

∇RL = 2(RA− I)A∗ + 2ωσ2R = 0.

R(AA∗ + ωσ2I) = A∗, R = R(ω) = A∗(AA∗ + ωσ2I)−1 = (A∗A + ωσ2I)−1A∗.
¾ÑÞ×ÝÐçØÜ h = σ2 tr R(ω)R∗(ω) = σ2 tr(A∗A + ωσ2I)−1A∗A(A∗A + ωσ2I)−1 Ø23

g(ω) = tr(RA− I)(RA− I)∗ = ω2σ4 tr(A∗A + ωσ2I)−2.
22¼ÞÖÝÞ âÐÚÖÕ ÒÒÕáâØ áÚÐÛïàÝÞÕ ßàÞØ×ÒÕÔÕÝØÕ (AB)2 = tr AB∗ Ø ÝÞàÜã

||A||2 = {trAA∗}1/2, ÚÞâÞàÐï ÝÐ×ëÒÐÕâáï ÝÞàÜÞÙ ³ØÛìÑÕàâÐ-ÈÜØÔâÐ.
23·ÔÕáì ØáßÞÛì×ãÕâáï àÐÒÕÝáâÒÞ I −RA = I − (A∗A + ωσ2I)−1A∗A = ωσ2(A∗A + ωσ2I)−1.



ºÞÝáßÕÚâ ÛÕÚæØÙ ßÞ âÕÞàØØ ÒÕàÞïâÝÞáâÕÙ � 2005 39

¿ãáâì ÔÐÛÕÕ {ei} � ÞàâÞÝÞàÜØàÞÒÐÝÝëÙ ÑÐ×Øá Ø× áÞÑáâÒÕÝÝëå ÒÕÚâÞàÞÒ
ÞßÕàÐâÞàÐ A∗A: A∗Aei = λiei, λ1 > λ2 > · · · > λk > 024. ÂÞÓÔÐ

h = σ2

k∑
i=1

λi

(λi + ωσ2)2
, g = σ4

k∑
i=1

ω2

(λi + ωσ2)2
.

²ëçØáÛØÜ ßàØ×ÒÞÔÝëÕ: dh
dω

= −2σ4
k∑

i=1

λi

(λi+ωσ2)3
< 0, 0 < ω < ∞,

h−→
ω→0

h0 = σ2
k∑

i=1

1
λi

= σ2 tr(A∗A)−1, h−→
ω→0

0. ¿ÞíâÞÜã ãàÐÒÝÕÝØÕ h(ω) = ε ßàØ
ε < ε0 = h0 ØÜÕÕâ ÕÔØÝáâÒÕÝÝÞÕ àÕèÕÝØÕ.

ºàÞÜÕ âÞÓÞ, dg
dω

= σ4
k∑

i=1

[
2ω

(λi+ωσ2)2
− 2ω2σ2

(λi+ωσ2)3

]
= 2ωσ4

k∑
i=1

λi

(λi+ωσ2)3
Ø ßÞíâÞÜã

ØÜÕÕâ ÜÕáâÞ ÔØääÕàÕÝæØÐÛìÝëÙ ×ÐÚÞÝ áÞåàÐÝÕÝØï:

ω
dh

dω
+

dg

dω
= 0. (34)

¸âÐÚ, ÞÑéÕÕ àÕèÕÝØÕ ×ÐÔÐçØ (37) ØÜÕÕâ ÒØÔ:

R =





R(ω) = (A∗A + ωσ2I)−1, 0 < ε < ε0 = h0 = σ2 tr(A∗A)−1,
0 ε− 0,
R0 = (A∗A)−1A∗, ε > ε0 = h0,

(35)

ßàØ íâÞÜ ÒëßÞÛÝïÕâáï (34).
·ÐÒØáØÜÞáâì g Þâ ε ÝÞáØâ ÝÐ×ÒÐÝØÕ ÞßÕàÐâØÒÝÞÙ åÐàÐÚâÕàØáâØÚØ. ¿àØ íâÞÜ

åÐàÐÚâÕàØáâØÚÐ, ÓàÐäØÚ ÚÞâÞàÞÙ ÛÕÖØâ ÝØÖÕ, áÞÞâÒÕâáâÒãÕâ àÐÒÝÞÜÕàÝÞ ÛãçèÕ-
Üã ßàØÑÞàã.

-

6

ε

g

r

r
ε0

r
©©©¼ ¡

¡¡ª

¾ßÕàÐâØÒÝëÕ åÐàÐÚâÕàØáâØÚØ

24rankA = k 6 n.
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Á»ÃÇ°¹½Ëµ ¿À¾ÆµÁÁË.»ÕÚæØï 13

¿ãáâì ×ÐÔÐÝÞ ÒÕàïâÝÞáâÝÞÕ ßàÞáâàÐÝáâÒÞ (Ω, F, P (·)) Ø ÝÕÚÞâÞàÞÕ ÜÝÞ-
ÖÕáâÒÞ T ×ÝÐçÕÝØÙ t (ÝÕßàÕà. ØÛØ ÔØáÚà.). ÁÛãçÐÙÝÞÙ äãÝÚæØÕÙ ÝÐ×ëÒÐÕâáï
ξ(t) = ξ(ω, t), âÐÚÐï, çâÞ ∀t0 ∈ T ξ(t0) � áÛ. ÒÕÛØçØÝÐ. µáÛØ ×ÐäØÚáØàÞÒÐâì
t = t0, âÞ ßÞÛãçØÜ áÕçÕÝØÕ áÛ. äãÝÚæØØ (ØÛØ ßàÞæÕááÐ, ÕáÛØ t ØÝâÕàßàÕâØàÞÒÐâì
ÚÐÚ ÒàÕÜï). µáÛØ ×ÐäØÚáØàÞÒÐâì ω = ω0, âÞ ßÞÛãçÕÝÝÐï ξ(ω0, t) Õáâì ÒëÑÞàÞç-
ÝÐï äãÝÚæØï (àÕÐÛØ×ÐæØï) áÛ. ßàÞæÕááÐ. ÀÐáßàÕÔÕÛÕÝØÕ ÒÕàÞïâÝÞáâÕÙ Ò ÚÐÖ-
ÔÞÜ áÕçÕÝØØ t ÜÞÖÝÞ ×ÐÔÐâì äãÝÚæØÕÙ F (x, t) = P{ξ(t) < x}, ÝÞ ÞÝÐ ÝÕ ÔÐÕâ
ÝØÚÐÚÞÓÞ ßàÕÔáâÐÒÛÕÝØï Þ áÒï×Ø áÛ. ÒÕÛØçØÝ, åÐàÐÚâÕàØ×ãîéØå àÐ×ÝëÕ áÕçÕÝØï.
±ÞÛÕÕ ßÞÛÝëÜ ïÒÛïÕâáï ×ÐÔÐÝØÕ áÕÜÕÙáâÒÐ äãÝÚæØÙ áÞÒÜÕáâÝÞÓÞ àÐáßàÕÔÕÛÕ-
ÝØï F (x1, t1, . . . , xn, tn) ÔÛï n áÕçÕÝØÙ, n = 1, 2, . . . . ¾ÔÝÐÚÞ ßàØ íâÞÜ ÔÞÛÖÖÝÞ
Ñëâì ÒëßÞÛÝÕÝÞ ãáÛÞÒØÕ áÞÓÛÐáÞÒÐÝÝÞáâØ, ÚÐáÐîéÕÕáï àÕÔãÚæØØ (ãÜÕÝìèÕ-
ÝØî) çØáÛÐ ÐàÓãÜÕÝâÞÒ Ø Øå ßÕàÕáâÐÝÞÒÞÚ.

¿àØ ÚÐÚÞÜ n äãÝÚæØØ áÞÒÜÕáâÝÞÓÞ àÐáßàÕÔÕÛÕÝØï ÔÞáâÐâÞçÝÞ ÔÛï ÞßØáÐÝØï
ßàÞæÕááÐ? µáÛØ àÐááÜÐâàØÒÐâì ÔØáÚàÕâÝëÕ ×ÝÐçÕÝØï ßÐàÐÜÕâàÐ t, âÞ ÔÛï áåÕ-
Üë ÝÕ×ÐÒØáÜëå ØáßëâÐÝØÙ n = 1, ÔÛï ÜÐàÚÞÒáÚØå æÕßÕÙ n = 2. ¾ÑëçÝÞ íâØÜ
(n = 2) ÞÓàÐÝØçØÒÐîâáï Ò áÛãçÐÕ ÝÕßàÕàëÒÝÞÓÞ ÒàÕÜÕÝØ ÔÛï âÐÚ ÝÐ×ëÒÐÕÜëå
ßàÞæÕááÞÒ á ÝÕ×ÐÒØáØÜëÜØ ßàØàÐéÕÝØïÜØ.

ÀÐááÜÞâàØÜ Ò ÚÐçÕáâÒÕ ßàØÜÕàÐ âÐÚØÕ ÔÒÐ ßàÞæááÐ 2 ßÞàïÔÚÐ.
¿àÞæÕáá ¿ãÐááÞÝÐ (ÞÔÝÞÜÕàÝëÙ áÛãçÐÙ).
¾ßàÕÔÕÛÕÝØÕ. ÁÛ. äãÝÚæØï η(t) 0 6 t < ∞, ÝÐ×ëÒÐÕâáï ßàÞæÕááÞÜ ¿ãÐááÞÝÐ

ØÛØ ßãÐááÞÝÞÒáÚØÜ ßÞâÞÚÞÜ áÞÑëâØÙ, ÕáÛØ
1. ÔÛï ÛîÑëå 0 6 t1 < · · · < tn áÛ. ÒÕÛØçØÝë η(ti) − η(ti−1), i = 1, 2, . . . , n,

ÝÕ×ÐÒØáØÜë Ò áÞÒÞÚãßÝÞáâØ (ßàÞæÕáá á ÝÕ×ÐÒØáØÜëÜØ ßàØàÐéÕÝØïÜØ),
2. áÛ. ÒÕÛØçØÝÐ η(t) − η(s), 0 6 s < t, ØÜÕÕâ àÐáßàÕÔÕÛÕÝØÕ ¿ãÐááÞÝÐ á

ßÐàÐÜÕâàÞÜ λ(t− s):

P{η(t)− η(s) = k} =
(λ(t− s))k

k!
e−λ(t−s).

3. µáÛØ η(0) = 0, âÞ ÓÞÒÞàïâ, çâÞ ßàÞæÕáá ÝÐçØÝÐÕâáï Ò ÝãÛÕ.

-

6

tt1 t2 t3

k

-

-

-

-

²ëÑÞàÞçÝÐï äãÝÚæØï ¿ãÐááÞÝÞÒáÚÞÓÞ ßàÞæÕááÐ
ÂÕÞàÕÜÐ. ¿ãáâì η(t) � ßàÞæÕáá á ÝÕ×ÐÒØáØÜëÜØ ßàØàÐéÕÝØïÜØ Ø ßãáâì Òë-

ßÞÛÝïîâáï ãáÛÞÒØï (ßàØ t → 0):
Ð) P{η(t)− η(0) = 1} = λt + o(λt),
Ñ) P{η(t)− η(0) > 1} = o(λt).
ÂÞÓÔÐ η(t) � ßàÞæÕáá ¿ãÐááÞÝÐ.
´ÞÚÐ×ÐâÕÛìáâÒÞ. ² áØÛã ÝÕ×ÐÒØáØÜÞáâØ ßàØàÐéÕÝØÙ ÔÞáâÐâÞçÝÞ ÔÞÚÐ×Ðâì,

çâÞ ÒëßÞÛÝïÕâáï ßãÝÚâ 2 Ò ÞßàÕÔÕÛÕÝØØ.
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ÀÐ×ÞÑìÕÜ ØÝâÕàÒÐÛ t = n∆ ÝÐ n (ÞÔØÝÐÚÞÒëå) ßÞÔØÝâÕàÒÐÛÞÒ ¾ÑÞ×ÝÐçØÜ
çÕàÕ× ∆i, i = 1, 2, . . . , n, i-ëÙ ßÞÔëÝâÕàÒÐÛ. ¿àØ (n > k) áÞÑëâØÕ {η(t) = k}
ßàÕÔáâÐÒØÜ Ò ÒØÔÕ A + B, ÓÔÕ A � áÞÑëâØÕ, Ò ÚÞâÞàÞÜ Ò ÚÐÖÔëÙ ßÞÔëÝâÕàÒÐÛ
ßÞßÐÔÐÕâ ÝÕ ÑÞÛÕÕ 1 âÞçÚØ, B � áÞÑëâØÕ, Ò ÚÞâÞàÞÜ ßÞ ÚàÐÙÝÕÙ ÜÕàÕ Ò ÞÔØÝ
ßÞÔëÝâÕàÒÐÛ ßÞßÐÔÐÕâ ÑÞÛÕÕ ÞÔÝÞÙ âÞçÚØ. ÂÞÓÔÐ P (A) = Ck

npk(1 − p)n−k, ÓÔÕ
p = λ∆ + o(λ∆). ¿ÞáÚÞÛìÚã pn = λn∆ + n o(λt

n
) −→

n→∞
λt, âÞ ßàØÜÕÝïï âÕÞàÕÜã

¿ãÐááÞÝÐ, ßÞÛãçÐÕÜ P (A) −→
n→∞

(λt)k

k!
eλt. °ÝÐÛÞÓØçÝÞ,

P (B) <
∑

i:P{η(∆i)>1}
P{η(∆i) > 1} < n o

(
λt

n

)
−→
n→∞

0.

·ÐÔÐçÐ. ½ÐÙâØ àÐáßàÕÔÕÛÕÝØÕ áÛ. ÒÕÛØçØÝë � ÒàÕÜÕÝØ ÞÖØÔÐÝØï τ ßÕàÒÞÓÞ
áÞÑëâØï Ò ßãÐááÞÝÞÒáÚÞÜ ßÞâÞÚÕ áÞÑëâØÙ.

¸× ãáÛÞÒØï P{τ > t} = P{η(t) − η(0) = 0} = e−λt ßÞÛãçÐÕÜ
Fτ (t) = P{τ < t} = 1− e−λt, t > 0.

¿ÛÞâÝÞáâì ÒÕàÞïâÝÞáâØ pτ (t) = λe−λt, t > 0.
ÁàÕÔÝÕÕ ÒàÕÜï ÞÖØÔÐÝØï Mτ =

∞∫
0

tλe−λtdt = 1
λ

.

·ÐÜÕâØÜ, çâÞ Ø× áÒÞÙáâÒ áÛ. ßàÞæÕááÐ ¿ãÐááÞÝÐ áÛÕÔãÕâ, çâÞ ÒàÕÜï ÞÖØÔÐÝØï
ÝÕ ×ÐÒØáØâ Þâ ÜÞÜÕÝâÐ ÝÐçÐÛÐ ÞÖØÔÐÝØï, Ð ÛØèì Þâ ÒÕÛØçØÝë ØÝâÕàÒÐÛÐ ÞÖØÔÐ-
ÝØï.

ÀÐÔØÞÐÚâØÒÝëÙ àÐáßÐÔ. ²ÕàÞïâÝÞáâì àÐáßÐÔÐ ÔÛï ÚÐÖÔÞÓÞ ÐâÞÜÐ
P{η(t) > 0} = P{τ < t} = 1 − e−λt. ¿àØ t = t0, 1 − e−λt0 = 1

2
, ßÞÛÞÒØÝÐ

ÒáÕÓÞ ÒÕéÕáâÒÐ àÐáßÐÔÐÕâáï, âÐÚ çâÞ e−λt0 = 1
2
, λt0 = ln 2, t0 = ln 2

λ
� ÒàÕÜï

ßÞÛãàÐáßÐÔÐ.
²ØÝÕàÞÒáÚØÙ áÛ. ßàÞæÕáá. ÁÛãçÐÙÝëÙ ßàÞæÕáá ξ(t) ÝÐ×ëÒÐÕâáï ²ØÝÕàÞÒ-

áÚØÜ, ÕáÛØ
1. ÔÛï 0 = t0 6 t1 < t2 < · · · < tn ηi = ξ(ti) − ξ(ti−1) � ÝÕ×ÐÒØáØÜë Ò

áÞÒÞÚãßÝÞáâØ,
2. ξ(t)− ξ(s) ∼ N(0, t− s), 0 < s < t,
3. ξ(0) = 0 (ÝÐçØÝÐÕâáï Ò ÝãÛÕ).
ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÒÕÚâÞà η = (η1, η2, . . . , ηn) àÐáßàÕÔÕÛÕÝ á ßÛÞâÝÞáâìî

n∏
i=1

1√
2π(t1 − ti−1)

exp

{
− x2

i

2(t1 − ti−1)

}
.

µáÛØ ßÕàÕÙâØ Ú ξi =
i∑

k=1

ξk á ßÞÜÞéìî ÝÕÒëàÞÖÔÕÝÝÞÓÞ ßàÕÞÑàÐ×ÞÒÐÝØï á ÜÐâ-
àØæÕÙ A ÒØÔÐ

A =




1 0 0 . . . 0
1 1 0 . . . 0
1 1 1 . . . 0
... ... ... . . . ...
1 1 1 . . . 1




, A−1 =




1 0 0 . . . 0
−1 1 0 . . . 0
0 −1 1 . . . 0
... ... ... . . . ...
0 0 0 . . . 1




,
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âÞ ßÞÛãçØÜ ÔÛï ÒÕÚâÞàÐ ξ ßÛÞâÝÞáâì

pξ(x, t) =
n∏

i=1

1√
2π(t1 − ti−1)

exp

{
−(xi − xi−1)

2

2(t1 − ti−1)

}
.

¿àØÜÕà. ±àÞãÝÞÒáÚÞÕ ÔÒØÖÕÝØÕ (ÞÔÝÞÜÕàÝÐï ×ÐÔÐçÐ).
¿ãáâì ξ(t) � ÚÞÞàÔØÝÐâÐ ÑàÞãÝÞÒáÚÞÙ çÐáâØæë ÝÐ ßàïÜÞÙ, ξ(0) = 0.

ξ(t + s) = [ξ(t + s)− ξ(s)] + [ξ(s)− ξ(0)], t, s > 0.

¸× ÞÔÝÞàÞÔÝÞáâØ áÛÕÔãÕâ, çâÞ áÛÐÓÐÕÜëÕ Ò ßàÐÒÞÙ çÐáâØ ÝÕ×ÐÒØáØÜë Ø ßÞíâÞÜã
Dξ(t + s) = Dξ(t) + Dξ(s), ÞâÚãÔÐ Dξ(t) = σ2t, ÓÔÕ σ2 � ÝÕÚÞâÞàÐï ÚÞÝáâÐÝâÐ.

ÀÐááÜÞâàØÜ ÔØáÚàÕâÝëÙ ÐÝÐÛÞÓ � áÛãçÐÙÝÞÕ ÑÛãÖÔÐÝØÕ ßÞ ÞÔÝÞÜÕàÝÞÙ áÕâ-
ÚÕ Ò ÔØáÚàÕâÝÞÜ ÒàÕÜÕÝØ: ξn =

n∑
i=1

ξi, P{ξi = ±∆x} = 1
2
, t = n∆t.

Mξn =
∑

Mξi = 0, Dξn =
∑

Dξi = n(∆x)2, ßàØàÐÒÝØÒÐï σ2n∆t, ßÞÛãçØÜ,
çâÞ (∆x)2

∆t
= σ2 = const. ¿ÕàÕåÞÔï Ú ßàÕÔÕÛã ßàØ ∆x → 0, ∆t → 0, (∆x)2

∆t
= σ2,

ßÞÛãçÐÕÜ
ξn

σ
√

t

d−→
n→∞

ξ(t)

σ
√

t
∼ N(0, 1).

¾âáîÔÐ ξ(t) ∼ N(0, σ2t) ØÛØ ξ(t)− ξ(s) ∼ N(0, σ2(t− s)).
² ÞÑéÕÜ áÛãçÐÕ (ÕáÛØ ÝÕâ áØÜÜÕâàØØ)
ξ(t)− ξ(s) ∼ N(θ(t− s), σ2(t− s)), ÓÔÕ θ � ÚÞíääØæØÕÝâ áÝÞáÐ.
ÅÐàÐÚâÕàØ×ÐæØï ÒØÝÕàÞÒáÚÞÓÞ ßàÞæÕááÐ.
ÂÕÞàÕÜÐ. ¿ãáâì áÛ. ßàÞæÕáá ãÔÞÒÛÕáâÒÞàïÕâ ãáÛÞÒØïÜ:
1) ÔÛï ÛîÑëå ÝÕßÕàÕáÕÚÐîéØåáï ßàÞÜÕÖãâÚÞÒ ßàØàÐéÕÝØï ÝÕ×ÐÒØáØÜë;
2) ÔÛï ÛîÑÞÓÞ ßàÞÜÕÖãâÚÐ ÒÕàÞïâÝÞáâì ×ÐÒØáØâ ÛØèì Þâ ÔÛØÝë ßàÞÜÕÖãâÚÐ

(ÞÔÝÞàÞÔÝÞáâì);
3) ÔÛï äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï ßàØàÐéÕÝØï ξ(t0+t)−ξ(t0), F (x, t) áãéÕáâÒã-

Õâ ßÛÞâÝÞáâì p(x, t), ØÜÕîéÐï ÝÕßàÕàëÒÝëÕ Ø ÞÓàÐÝØçÕÝÝëÕ ßÞ x,−∞ < x < ∞,
ßàÞØ×ÒÞÔÝëÕ ÔÞ 3-ÓÞ ßÞàïÔÚÐ ∀t > 0;

4) ÔÛï ÜÐÛëå ∆t ÜÐÛëÕ ßàØàÐéÕÝØï ÑÞÛÕÕ ÒÕàÞïâÝë, çÕÜ ÑÞÛìèØÕ, Ð ØÜÕÝÝÞ

lim
∆t→0

1

∆t

∞∫

−∞

xp(x, ∆t)dx = A; (36)

lim
∆t→0

1

∆t

∞∫

−∞

x2p(x, ∆t)dx = B > 0; (37)

lim
∆t→0

1

∆t

∞∫

−∞

|x|3p(x, ∆t)dx = 0; (38)

ÂÞÓÔÐ ξ(t) � (ÞÑÞÑéÕÝÝëÙ) ÒØÝÕàÞÒáÚØÙ ßàÞæÕáá.
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´ÞÚÐ×ÐâÕÛìáâÒÞ. ÀÐááÜÞâàØÜ ÔÒÐ áÜÕÖÝëå ßàÞÜÕÖãâÚÐ (0, t) Ø (t, t + ∆t),
Ð âÐÚÖÕ ÕÓÞ áãÜÜã (ÞÑêÕÔØÝÕÝØÕ). ¿ÞÛì×ãïáì äÞàÜãÛÞÙ ÔÛï ßÛÞâÝÞáâØ áãÜÜë
ÝÕ×ÐÒØáØÜëå áÛ. ÒÕÛØçØÝ, ßÞÛãçÐÕÜ

p(x, t + ∆t) =

∞∫

−∞

p(x− s, t)p(s, ∆t)ds. (39)

ÀÐ×ÛÐÓÐï áÞÜÝÞÖØâÕÛì p(x− s, t) Ò àïÔ ÂÕÙÛÞàÐ ßÞ áâÕßÕÝïÜ s, ßÞÛãçØÜ

p(x− s, t) = p(x, t)− ∂p(x, t)

∂x
s +

1

2

∂2p(x, t)

∂x2
s2 − 1

6

∂3p(x̃, t)

∂x3
s3,

ßÞÔáâÐÒÛïï íâÞ Ò (39), ßÞÛãçÐÕÜ

p(x, t + ∆t)− p(x, t) = −∂p(x, t)

∂x

∞∫

−∞

sp(s, ∆t)ds+

+
1

2

∂2p(x, t)

∂x2

∞∫

−∞

s2p(s, ∆t)ds− 1

6

∞∫

−∞

[
∂3p(x̃, t)

∂x3

]
s3p(s, ∆t)ds.

ÀÐ×ÔÕÛØÜ ÝÐ ∆t Ø ßÕàÕÙÔÕÜ Ú ßàÕÔÕÛã ßàØ ∆t → 0, ãçØâëÒÐï áÒÞÙáâÒÐ (36, 37,
38):

∂p(x, t)

∂t
= −A

∂p(x, t)

∂x
+

B

2

∂2p(x, t)

∂x2
,

∞∫

−∞

p(x, t)dx = 1, p(x, t) > 0.

¿ÞÔáâÐÝÞÒÚÞÙ y = x− At, τ = Bt, p(x, t) = p̄(y, τ) ßàØÒÞÔØÜ Ú

∂p̄

∂τ
=

1

2

∂2p̄

∂y2
, −∞ < y < ∞

� ãàÐÒÝÕÝØî âÕßÛÞßàÞÒÞÔÝÞáâØ á àÕèÕÝØÕÜ

p̄(y, τ) =
1√
2πτ

e−
y2

2τ ,

∞∫

−∞

p̄dy = 1.

² ßàÕÖÝØå ßÕàÕÜÕÝÝëå íâÞ ÒëÓÛïÔØâ âÐÚ:

p(x, t) =
1√

2πBt
e−

(x−At)2

2Bt .

·ÐÔÐçÐ. ½ÐÙâØ àÐáßàÕÔÕÛÕÝØÕ τx � ÒàÕÜÕÝØ ßÕàÒÞÓÞ ÔÞáâØÖÕÝØï ÑàÞãÝÞÒ-
áÚÞÙ çÐáâØæÕÙ âÞçÚØ x (x > 0).

P{ξ(t) > x|τx < t} =
1

2
=

P{ξ(t) > x}
P{τx < t} .
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¾âáîÔÐ P{τx < t} = 2P{ ξ(t)√
t

> x√
t
} =

√
2
π

∞∫
x√
t

Ø pτx = 1√
2π

x
t3/2 e

−x2

2t .

°ÝÐÛÞÓØçÝÞ ÔÛï ξt = max
06s6t

ξ(s) � ÜÐÚáØÜÐÛìÝÞÙ ÚÞÞàÔØÝÐâë ÑàÞãÝÞÒáÚÞÙ

çÐáâØæë ØÜÕÕÜ: P{max
06s6t

ξ(s) > x} = P{τx < t} Ø pξt(x) = 1√
2πt

e−
x2

2t , x > 0.
¸ÝâÕàÕáÝÞ, çâÞ ∀x: P{τx < ∞} = 1 Ø ∀t: P{max

06s6t
ξ(s) > 0} = 1.

ÂÕÞàØï ÒâÞàÞÓÞ ßÞàïÔÚÐ (ÚÞààÕÛïæØÞÝÝÐï âÕÞàØï). ´ÐÛÕÕ ÑãÔãâ ÒáâàÕ-»ÕÚæØï 14
çÐâìáï ÚÞÜßÛÕÚáÝëÕ áÛãçÐÙÝëÕ ßàÞæÕááë ξ(t) = η(t) + iζ(t), ÓÔÕ η(t) Ø ζ(t) -
ÔÕÙáâÒØâÕÛìÝëÕ áÛãçÐÙÝëÕ ßàÞæÕááë.

ºÞààÕÛïæØÞÝÝÞÙ äãÝÚæØÕÙ áÛãçÐÙÝÞÓÞ ßàÞæÕááÐ ξ(t) ÝÐ×ëÒÐÕâáï25

K(t, s) = M(ξ(t)−Mξ(t))(ξ(s)−Mξ(s)).

¿àØÜÕàë. (1) ºÞààÕÛïæØÞÝÝÐï äãÝÚæØï ÒØÝÕàÞÒáÚÞÓÞ áÛãçÐÙÝÞÓÞ ßàÞæÕááÐ,
ξ(t)− ξ(s) ∼ N(0, t− s), s < t. ¿àØ 0 < s < t

Mξ(t)ξ(s) = M[(ξ(t)− ξ(s)) + (ξ(s)− ξ(0))](ξ(s)− ξ(0)) = M(ξ(s)− ξ(0))2 = s.

¿àØ 0 < t < s ÐÝÐÛÞÓØçÝÞ ßÞÛãçÐÕÜ Mξ(t)ξ(s) = t. ÁÛÕÔÞÒÐâÕÛìÝÞ,
Mξ(t)ξ(s) = min(t, s).

(2). ºÞààÕÛïæØÞÝÝÐï äãÝÚæØï ßãÐááÞÝÞÒáÚÞÓÞ ßàÞæÕááÐ,

P (ξ(t) = k) =
(λt)k

k!
e−λt,Mξ(t) = λt.

´Ûï 0 < s < t:

K(t, s) = M(ξ(t)− λt)(ξ(s)− λs) = M[(ξ(t)− ξ(s)− λ(t− s))+

+(ξ(s)− λs)](ξ(s)− λs) = M(ξ(s)− λs)2 = λs.

¿ÞíâÞÜã Ø Ò íâÞÜ áÛãçÐÕ K(t, s) = λ min(t, s).
² ÞÑÞØå ßàØÜÕàÐå ØáßÞÛì×ÞÒÐÝÐ ÝÕ×ÐÒØáØÜÞáâì ßàØàÐéÕÝØÙ.
¾ßàÕÔÕÛÕÝØÕ. ÁÛãçÐÙÝëÙ ßàÞæÕáá ξ(t) ÝÐ×ëÒÐÕâáï ÝÕßàÕàëÒÝëÜ Ò áàÕÔÝÕÜ

ÚÒÐÔàÐâØçÝÞÜ Ò âÞçÚÕ t, ÕáÛØ

M|ξ(t + h)− ξ(t)|2 → 0 ßàØ h → 0,

ØÛØ, ØÝÐçÕ ÓÞÒÞàï, ÕáÛØ
ξ(t) = l.i.m.

h→0
ξ(t + h).

ÀÕçì ØÔÕâ Þ áÛãçÐÙÝëå ßàÞæÕááÐå á ÚÞÝÕçÝëÜØ ÜÞÜÕÝâÐÜØ ÒâÞàÞÓÞ ßÞàïÔÚÐ;
|Mξ| 6 M|ξ| 6 [M|ξ|2]1/2 < ∞, Ò íâÞÜ áÛãçÐÕ Ø M|ξ| < ∞.

½ÐßÞÜÝØÜ, çâÞ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì {ξk} áåÞÔØâáï Ò áàÕÔÝÕÜ ÚÒÐÔàÐâØçÝÞÜ Ú
ξ, ÕáÛØ M|ξk − ξ|2 → 0, k →∞; ξ = l.i.m.

k→∞
ξk.

ÁÒÞÙáâÒÐ á.Ú. áåÞÔØÜÞáâØ.
ºàØâÕàØÙ 1. (äãÝÔÐÜÕÝâÐÛìÝÞáâì) ´Ûï áåÞÔØÜÞáâØ Ò á.Ú. ßÞáÛÕÔÞÒÐâÕÛìÝÞ-

áâØ {ξk} ÝÕÞÑåÞÔØÜÞ Ø ÔÞáâÐâÞçÝÞ, çâÞÑë M|ξk − ξn|2 → 0 ßàØ k, n →∞. 26

25ÇÕàâÐ Þ×ÝÐçÐÕâ ÚÞÜßÛÕÚáÝÞÕ áÞßàïÖÕÝØÕ.
26(µáÛØ Ñë M áØÜÒÞÛØ×ØàÞÒÐÛÞ àØÜÐÝÞÒáÚÞÕ ØÝâÕÓàØàÞÒÐÝØÕ, ÝÕ ÑëÛÞ Ñë ßÞÛÝÞâë).
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ºàØâÕàØÙ 2. ¿ÞáÛÕÔÞÒÐâÕÛìÝÞáâì {ξk} áåÞÔØâáï Ò áàÕÔÝÕÜ ÚÒÐÔàÐâØçÝÞÜ, Õá-
ÛØ Ø âÞÛìÚÞ ÕáÛØ çØáÛÞÒÐï ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì Mξkξn → Mξξ ßàØ k, n → ∞
ÝÕ×ÐÒØáØÜÞ.

´ÞÚÐ×ÐâÕÛìáâÒÞ. M(ξk − ξn)(ξk − ξn) = Mξkξk +Mξnξn−Mξkξn −Mξnξk → 0,
ÕáÛØ Mξkξn áåÞÔØâáï.

½ÐÞÑÞàÞâ, Mξkξn −Mξξ = M(ξk − ξ)(ξn − ξ) + Mξ(ξn − ξ) + M(ξk − ξ)ξ → 0,
ÕáÛØ ξk

á.Ú.−→
n→∞

ξ.

´àãÓØÕ áÒÞÙáâÒÐ: ÕáÛØ ξ = l.i.m.
k→∞

ξk, âÞ
(1) Mξ = lim

k→∞
Mξk. ´ÕÙáâÒØâÕÛìÝÞ, |Mξ − Mξk| 6 M|ξ − ξk| 6

(M|ξ − ξk|2)1/2 → 0, k →∞.
(2) M|ξ|2 = lim

k→∞
M|ξk|2. ´ÞÚÐ×ëÒÐÕâáï ÝÐ ÞáÝÞÒÕ ÚàØâÕàØï 2 ØÛØ ÝÕßÞáàÕÔ-

áâÒÕÝÝÞ:M|ξ−ξk|2 = M|ξ|2−Mξξk−Mξkξ+M|ξk|2 > M|ξ|2−2(M|ξ|2M|ξk|2)1/2+M|ξk|2 =
(
√

M|ξ|2 −
√

M|ξk|2)1/2.
(3) µáÛØ, ÚàÞÜÕ âÞÓÞ, η = l.i.m.

k→∞
ηk, âÞ Mξη = lim

n,k→∞
Mξnηk. ´ÕÙáâÒØ-

âÕÛìÝÞ, |M(ξnη̄k − ξη̄)| 6 M|ξnη̄k − ξη̄| 6 M|ξnη̄k − ξnη̄ + ξnη̄ − ξη̄| 6
M|ξnη̄k−ξnη̄|+M|ξnη̄−ξη̄| 6

√
M|ξn|2M|ηk − η|2+

√
M|ξn − ξ|2M|η|2 −→

n,k→∞
0.

²ÕàÝÕÜáï Ú áÛ. ßàÞæÕááÐÜ. ²áîÔã ÔÐÛÕÕ ÑãÔÕÜ áçØâÐâì Mξ(t) = 0.
ÂÕÞàÕÜÐ.
1. ´Ûï âÞÓÞ, çâÞÑë áÛãçÐÙÝëÙ ßàÞæÕáá ξ(t) ÑëÛ á.Ú. ÝÕßàÕàëÒÕÝ Ò âÞçÚÕ t0

ÝÕÞÑåÞÔØÜÞ Ø ÔÞáâÐâÞçÝÞ, çâÞÑë K(t, s) ÑëÛÐ ÝÕßàÕàëÒÝÐ Ò âÞçÚÕ (t0, t0).
2. µáÛØ K(t, s) ÝÕßàÕàëÒÝÐ ÝÐ ÔØÐÓÞÝÐÛØ t = s, âÞ K(t, s) ÝÕßàÕàëÒÝÐ ÒáîÔã.
´ÞÚÐ×ÐâÕÛìáâÒÞ. 1. ´ÞáâÐâÞçÝÞáâì. ¿ãáâì K(t, s) ÝÕßàÕàëÒÝÐ Ò âÞçÚÕ

(t0, t0). ÂÞÓÔÐ

M|ξ(t0+h)−ξ(t0)|2 = K(t0+h, t0+h)−K(t0+h, t0)−K(t0, t0+h)+K(t0, t0) → 0

ßàØ h → 0.
½ÕÞÑåÞÔØÜÞáâì. ¿ãáâì áÛ. ßàÞæÕáá ξ(t) á.Ú. ÝÕßàÕàëÒÕÝ ßàØ t = t0, âÞÓÔÐ

K(t0 + h, t0 + k)−K(t0, t0) = M[(ξ(t0 + h)− ξ(t0))(ξ(t0 + k)− ξ(t0))+

+(ξ(t0 + h)− ξ(t0))ξ(t0) + ξ(t0)(ξ(t0 + k)− ξ(t0))].

´ÐÛÕÕ ÔÛï ÚÐÖÔÞÓÞ Ø× áÛÐÓÐÕÜëå ßàÐÒÞÙ çÐáâØ ÒÞáßÞÛì×ãÕÜáï áÒÞÙáâÒÞÜ (3).
½ÐßàØÜÕà, ÔÛï ßÕàÒÞÓÞ:

|M(ξ(t0 + h)− ξ(t0))(ξ(t0 + k)− ξ(t0))| 6

6
√

M|ξ(t0 + h)− ξ(t0))|2M|ξ(t0 + k)− ξ(t0))|2 −→
h→0,k→0

0.

2. µáÛØ K(t, s) ÝÕßàÕàëÒÝÐ ÝÐ ÔØÐÓÞÝÐÛØ, ÝÐßàØÜÕà, Ò âÞçÚÐå
(t, t), (s, s), âÞ ξ(t + h)

á.Ú.−→
h→0

ξ(t) Ø ξ(s + k)
á.Ú.−→
k→0

ξ(s) . ÁÛÕÔÞÒÐâÕÛìÝÞ,
Mξ(t + h)ξ(s + k) → Mξ(t)ξ(s), â.Õ. K(t + h, s + k) → K(t, s) ßàØ h, k → 0.

ÁÛÕÔáâÒØÕ. ¿ãÐááÞÝÞÒáÚØÙ Ø ÒØÝÕàÞÒáÚØÙ áÛãçÐÙÝëÕ ßàÞæÕááë ÝÕßàÕàëÒ-
Ýë Ò áàÕÔÝÕÜ ÚÒÐÔàÐâØçÝÞÜ. ¾ÔÝÐÚÞ, àÕÐÛØ×ÐæØØ ßãÐááÞÝÞÒáÚÞÓÞ ßàÞæÕááÐ àÐ×-
àëÒÝëÕ (áâãßÕÝçÐâëÕ) äãÝÚæØØ.
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¾ßàÕÔÕÛÕÝØÕ. ÁÛãçÐÙÝÐï äãÝÚæØï ξ(t) ÝÐ×ëÒÐÕâáï á.Ú. ÔØääÕàÕÝæØàãÕÜÞÙ
Ò âÞçÚÕ t, ÕáÛØ áãéÕáâÒãÕâ á.Ú. ßàÕÔÕÛ ξ(t+h)−ξ(t)

h
ßàØ h → 0. ÍâÞâ ßàÕÔÕÛ ÝÐ×ëÒÐ-

Õâáï á.Ú. ßàÞØ×ÒÞÔÝÞÙ ξ(t):

ξ′(t) = l.i.m.
h→0

ξ(t + h)− ξ(t)

h
, ØÛØ M|ξ(t + h)− ξ(t)

h
− ξ′(t)|2 → 0, h → 0.

ÁÞÓÛÐáÝÞ ÚàØâÕàØî 2, ξ(t) á.Ú. ÔØääÕàÕÝæØàãÕÜÐ Ò âÞçÚÕ t, ÕáÛØ Ø âÞÛìÚÞ
ÕáÛØ

Q =
1

hk
M(ξ(t + h)− ξ(t))(ξ(t + k)− ξ(t)) áåÞÔØâáï ßàØ h, k → 0 :

Q =
K(t + h, t + k)−K(t, t + k)−K(t + h, t) + K(t, t)

hk
−→

h→0,k→0

∂2K(t, s)

∂t∂s
|t=s.

ÍâÞ àÐ×ÝÞáâÝÞÕ ÞâÝÞèÕÝØÕ ÔÛï ÒâÞàÞÙ ßàÞØ×ÒÞÔÝÞÙ áåÞÔØâáï Ú ßàÐÒÞÙ çÐáâØ,
ÕáÛØ, ÝÐßàØÜÕà, ∂2K(t,s)

∂t∂s
ÝÕßàÕàëÒÝÐ.

² íâÞÜ áÛãçÐÕ ∂2K(t,s)
∂t∂s

= Mξ′(t)ξ′(s) - ÚÞààÕÛïæØÞÝÝÐï äãÝÚæØï
á.Ú. ßàÞØ×ÒÞÔÝÞÙ ξ(t). ÍâÞ ãâÒÕàÖÔÕÝØÕ � áÛÕÔáâÒØÕ áÒÞÙáâÒÐ 2: ÕáÛØ
ξ(t+h)−ξ(t)

h
−→
h→0

ξ′(t), ξ(s+k)−ξ(s)
k

−→
k→0

ξ′(s), âÞ

Mξ(t + h)− ξ(t)

h

ξ(s + k)− ξ(s)

k
−→

h→0,k→0
Mξ′(t)ξ′(s) =

∂2K(t, s)

∂t∂s
,

ÕáÛØ íâÐ ßàÞØ×ÒÞÔÝÐï ÝÕßàÕàëÒÝÐ.
¿àØÜÕà. ºÞààÕÛïæØÞÝÝÐï äãÝÚæØï ßàÞØ×ÒÞÔÝÞÙ (Ò ÞÑÞÑéÕÝÝÞÜ áÜëáÛÕ)

áâÐÝÔÐàâÝÞÓÞ ²ØÝÕàÞÒáÚÞÓÞ ßàÞæÕááÐ àÐÒÝÐ ∂2 max(t,s)
∂t∂s

= δ(t− s). ÂÐÚÞÙ ßàÞæÕáá
ÝÐ×ëÒÐÕâáï ÑÕÛëÜ èãÜÞÜ.

¾ßàÕÔÕÛÕÝØÕ. ÁÛãçÐÙÝÐï äãÝÚæØï ξ(t) á.Ú. ØÝâÕÓàØàãÕÜÐ ßÞ ÀØÜÐ-
Ýã ÝÐ [a, b], ÕáÛØ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâì àØÜÐÝÞÒáÚØå ØÝâÕÓàÐÛìÝëå áãÜÜ∑
[a,b]

ξ(tk)δtk á.Ú. áåÞÔØâáï ßàØ max
k

δtk → 0.

ÂÕÞàÕÜÐ. ÁÛãçÐÙÝÐï äãÝÚæØï ξ(t) á.Ú. ØÝâÕÓàØàãÕÜÐ ÝÐ [a, b] ßÞ ÀØÜÐÝã, ÕáÛØ
K(t, s) ØÝâÕÓàØàãÕÜÐ ßÞ ÀØÜÐÝã ÝÐ [a, b]× [a, b]. ´ÕÙáâÒØâÕÛìÝÞ, ßãáâì

S =
∑

[a,b]

ξ(tk)δtk, S ′ =
∑

[a,b]

ξ(t′k)δt
′
k

ÂÞÓÔÐ
MSS ′ =

∑

[a,b]×[a,b]

K(ti, t
′
k)δtiδt

′
k

Ø äÐÚâ áãéÕáâÒÞÒÐÝØï ßàÕÔÕÛÐ áßàÐÒÐ íÚÒØÒÐÛÕÝâÕÝ á.Ú. ØÝâÕÓàØàãÕÜÞáâØ ξ(t)
(á.Ú. áåÞÔØÜÞáâØ S).


